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Abstract
We present PTASes for the disk cover problem: given geometric objects and
a finite set of disk centers, minimize the total cost for covering those objects
with disks under a polynomial cost function on the disks’ radii. We describe
the first FPTAS for covering a line segment when the disk centers form a
discrete set, and a PTAS for when a set of geometric objects, described by
polynomial algebraic inequalities, must be covered. The latter result holds
for any dimension.
Keywords: Disk Cover, Approximation Algorithm, Computational
Geometry, Wireless Networks, Sensor Coverage
1. Introduction
Motivated by applications to wireless networks [1, 2] and sensor coverage [3], we are interested in covering sets of planar geometric objects by
disks. Given a point (disk center) c in the Euclidean plane and a non-negative
number r (radius), a disk D(c, r) is the set of points at distance at most r
from c. We generically refer to a geometric object as well-behaved if it can
be described by a system of algebraic polynomial inequalities with degrees
bounded by a constant. Henceforth, we restrict ourselves to these geometric
objects and omit the term well-behaved. Given a geometric object g, we
denote by ℘(g) the set ofSpoints on g. Similarly, if G is a set of geometric
objects, we let ℘(G) = g∈G ℘(g). Moreover, we say that a collection of
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geometric objects G is covered by another collection of geometric objects G0
if ℘(G) ⊆ ℘(G0 ).
The Minimum Geometric Disk Cover Problem, MGDCP, can be stated
as follows: on the Euclidean plane, let L be a set of geometric objects,
C = (c1 , . . . , cn ) be a list of points (disk centers), and f (r) be a function that
assigns a non negative cost to a disk of radius r. We want to determine a
collection of non-negative numbers S = (r1 , . . . , rn ), which defines a list of
disks, D = (D(c1 , r1 ), . . P
. , D(cn , rn )), so that: D covers L and the total cost
of these disks, f (S) = r∈S f (r), is minimized. In this work, we restrict
the cost functions to be polynomials f (r) = rκ , for some positive constant
κ ≥ 1. An instance of the MGDCP is described by a tuple I = (C, L, f ). The
special case of this problem where L is composed of only one line segment is
denoted by MLSDCP.
Many practical problems can be modeled as instances of the MGDCP,
including the problem of positioning base station antennas to provide wireless
network access over a city area, or positioning sensors to oversee a farming
field.
Related Works
In [2], Li et al. consider the problem of covering a line segment with
wireless sensors of adjustable ranges, positioned on the segment itself. The
objective is to find a range assignment with minimum cost. This problem is
referred to as Min-Cost Linear Coverage (MCLCP) and it has two variants.
In the discrete case, the coverage range for each sensor v must belong to
a given finite set R(v), while in the continuous case, the range must be
chosen from a given continuous interval. For the discrete variant, where the
costs of the sensors may be arbitrary, Li et al. present a polynomial-time
exact algorithm. For the continuous case, where the cost of each sensor is
given by a function f (r) = rκ , they present an FPTAS for κ = 1 and a
2-approximation algorithm for any constant κ > 1.
Lev-Tov and Peleg, in [1], address the problem called Minimum Sum of
Radii Cover (MSRCP), in whose formulation, two sets of points X and Y
are given and the objective is to choose the radii Ri for the disks centered at
the points xi ∈ X so as to cover all
P the points in Y with minimum total cost.
In this case, the cost is given by xi ∈X Ri . They consider the 1-dimensional
version of the problem, and present a polynomial-time exact algorithm as well
as a linear time 4-approximation algorithm. For the 2-dimensional version,
they describe a PTAS.
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Bilò et al. consider, in [4], a variation of the MSRCP, where the centers of
the disks may be at the points of the set to be covered, i.e., X = Y , provided
the number of disks is within a given bound k. The cost of a disk of radius
r is f (r) = rα , where α ≥ 1 is a constant. The objective is to cover all the
points of Y with minimum total cost, using at most k disks. They show that
for any α ≥ 2 the problem is NP-hard. They also describe PTASes for the
2-dimensional problem, for any constant α ≥ 1. In [5], Alt et al. improve
the result of [4] by showing that the problem is already NP-hard for any
superlinear cost function, i.e, f (r) = rα with α > 1.
Gibson et al. [6] consider the version where α = 1 of the variation of the
MSRCP addressed in [4], giving an exact polynomial-time algorithm, under
the assumption that two candidate solutions can be compared efficiently, in
polynomial time.
Abu-Affash et al. [7] consider the disk multicover problem, where the
objective is to cover each point of a given set Y with disks centered at points
given by a set X at least k times. They consider the cost of a disk given
by a function f (r) = rα , with α = 2 where r is the radius assigned to the
disk. They present an algorithm with a 23.02 + 63.91(k − 1) approximation
guarantee. For the continuous case, in which the points of Y are given by
a polygon, they present a 63.94 + 177.64(k − 1) approximation algorithm,
and when k = 1, using the algorithm in [8], they obtain a 25-approximation
algorithm.
Bar-Yehuda and Rawitz [9] consider the polygon multicover problem and
present a (3α k + ε)-approximation algorithm, with α ≥ 1. They assume
rational coordinates and the running time is polynomial on the input size.
Results
We present PTASes for special cases of the problem of covering geometric
objects with disks of variable radii and discrete centers, whose costs are
given by a polynomial function. More precisely, we present the first FPTAS
for covering a single line segment with disks restricted to a discrete set of
centers, improving upon the previous 2-approximation given by Li et al.
[2], subject to a cost function f (r) = rκ with κ > 1. We also present a
PTAS for the problem of covering objects described by a system of algebraic
polynomial inequalities, which may comprise polygons and more complex
objects whose boundaries may be described by a number of inequalities of
degrees bounded by a constant. For the particular case where κ = 1, and
with the assumption that it is possible to compare two sums of square roots
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of integers in polynomial time, we present an FPTAS for the problem of
covering such complex objects. These algorithms can be extended to solve
the corresponding d-dimensional versions of those problems.
2. Line Segment Disk Cover
In this section, before we present an FPTAS, denoted Aε , for MLSDCP,
we need to describe the Min-Cost Linear Coverage Problem (MCLCP). Let l
be a line segment, C = {c1 , . . . , cn } ⊂ l be a set of disk centers, and let Ri be
a set of µ possible radii values for disks centered at ci ∈ C. To simplify the
formulation, we consider 0 ∈ Ri . Let Pij , which can be arbitrary, be the cost
to assign the radius rj to the disk centered at ci . These elements comprise
an instance of the discrete version of MCLCP. We want to determine a list
S = (r1 , . . . , rn ) of radii ri ∈ Ri for 1 ≤ i ≤ n, so that the disks defined by S
cover the segment l and the sum of the costs of the chosen disks is minimum.
Li et al. [2] present an exact algorithm, which we denote by AMCLC , with
time O(µ2 n2 ) to solve this version of MCLCP. The algorithm AMCLC will be
used as a subroutine for Aε described below.
Basically, the algorithm Aε generates a discretized set of values that can
be assigned to the radii of an instance of MLSDCP, transforming it into an
instance of MCLCP, which is solved using AMCLC .
Surely, the degenerate case where the line segment is a single point and
a center c ∈ C coincides with that point has as optimal solution a disk with
radius zero centered at c. Hence, we assume without loss of generality that
the instance to be solved is non-degenerate.
Firstly, assume that ε < 4κ, let ξ = ε/(4κ) and ` = ka, bk1 , where a
and b are the extremes of l. The algorithm defines several radii for disks at
each center, all of which are between rmin and rmax , where rmin = ξ`/(2n)
and rmax = maxc∈C, p∈l kc, pk1 . Note that any radius in a solution can be
bounded by rmax since any point p in the line segment is distant from any
center by at most maxc∈C, p∈l kc, pk2 ≤ maxc∈C, p∈l kc, pk1 . Both rmin and
rmax have representations that are computable in polynomial time. Let R =
{rmin , rmin (1 + ξ)1 , rmin (1 + ξ)2 , . . . , rmin (1 + ξ)m−1 } a set of radius values,
where m is the smallest integer such that rmin (1 + ξ)m−1 ≥ rmax .
Using the discretization given by R, there will be m possible radii for
each center, defining nm possible disks. Each of these disks that intersects
the line segment l is replaced by a disk that covers the same portion of l, but
centered on the line segment itself, at the midpoint of the covered portion,
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and with radius equal to half of the length of the covered portion. The cost
of these disks is set to be equal to the cost of the original disk. An instance
of the MCLCP created from the discretized instance MLSDCP consists of:
the set C 0 made up of the centers of those replacement disks; for each center
c0i ∈ C 0 , a set Ri0 containing the radius of the created disks centered at c0i ;
and a set Pij0 with the costs of the disks centered at c0i with radius rj0 ∈ Ri0 .
A solution S 0 of such instance is obtained through the algorithm AMCLC . A
solution S for the discretized instance MLSDCP can easily be obtained from
the solution S 0 using the corresponding disks.
We now prove that the algorithm Aε is an FPTAS.
Lemma 2.1. The number m = |R| is polynomial in the input size and in
1/ε.
Proof. As m is the smallest integer
such that rmin (1 + ξ)m−1 ≥ rmax , we

have that m = log1+ξ (rmax /rmin ) + 1. Therefore,


log(rmax /rmin )
m = log1+ξ (rmax /rmin ) + 1 ≤
+2
log(1 + ξ)
log(2nkc, sk1 /(ξ`))
=
+2
(1)
log(1 + ξ)
log(2n) + log(4κ/ε) + log(kc, sk1 /`)
≤
+2
(2)
ε/4κ
κ
= O( (log(n) + log(κ/ε) + log(kc, sk1 /`)),
ε
where, in (1), c ∈ C and s is a point of the geometric object to be covered
such that rmax = kc, sk1 , and (2) is valid because log(1 + ξ) ≥ ξ = ε/4κ when
0 ≤ ξ ≤ 1.

Lemma 2.2. If S ∗ is an optimal solution for an instance of MLSDCP, then
f (S ∗ ) ≥ nf (`/(4n)).
Proof. Denote by RMLSDCP the relaxed version of the problem MLSDCP
where we define a list of n radii (r1 , . . . , rn ) of disks to cover the segment, and
each disk may be centered on any point of the Euclidean plane. It is clear
that any solution to the problem MLSDCP is also a solution to RMLSDCP.
An optimal solution for an instance of the problem RMLSDCP is given by
n disks with centers equally spaced over the segment, each disk with radius
ka, bk2 /(2n). Note that, since f is a convex function, this solution attains
minimum cost. As ka, bk2 ≥ ka, bk1 /2 = `/2, the result follows.
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Theorem 2.1. Algorithm Aε is an FPTAS for the MLSDCP and runs in
O(n2 m2 ) time.
Proof. Let I = (C, {l}, f ) be an instance of MLSDCP. Let S ∗ = (r1∗ , . . . , rn∗ )
be an optimal solution for I and S = (r1 , . . . , rn ) the solution obtained by
the algorithm Aε . Let S 0 = (r10 , . . . , rn0 ) be a solution obtained from S ∗ , by
rounding up each radius ri∗ to the smallest radius ri0 ∈ R such that ri0 ≥ ri∗ .
As S 0 is obtained from S ∗ by increasing some of the radii, it is clear that S 0
is also a feasible solution.
Let B = {i ∈ {1, . . . , n} : ri0 > rmin } be the set of (indices of) disks in S 0
with radius larger than rmin , and T = {1, . . . , n} \ B be the set of disks in S 0
with radius equal to rmin . Since S is an optimal solution when the radii are
restricted to the set R, we have that f (S) ≤ f (S 0 ). So, it remains to prove
that S 0 has cost within a 1 + ε factor of the cost of the solution S ∗ . That is,
X
X
f (S) ≤ f (S 0 ) =
f (ri0 ) +
f (rmin )
i∈B

i∈T

X  ξ` 
∗
≤
f ((1 + ξ)ri ) +
f
4n
i∈B
i∈T


X
`
κ
∗
κ
≤ (1 + ξ)
f (ri ) + ξ nf
4n
i∈B
X

(3)
(4)

≤ (1 + ξ)κ f (S ∗ ) + ξ κ f (S ∗ )
κ 
κ 

ε/4
ε/4
=
1+
+
f (S ∗ )
κ
κ

(5)

≤ (eε/4 + ε/4)f (S ∗ )
≤ (1 + 2(ε/4) + ε/4)f (S ∗ )
≤ (1 + ε)f (S ∗ ),

(6)
(7)

where (3) is valid because f is a non-decreasing function and ri0 ≤ (1 + ξ)ri∗ ,
(4) holds since f (r) = rκ , (5) follows from Lemma 2.2, (6) is valid since
(1 + x/κ)κ ≤ ex when |x| ≤ κ and κ ≥ 1, and the validity of (7) follows from
the fact that ex ≤ 1 + 2x when 0 ≤ x ≤ 1.
By Lemma 2.1, the algorithm generates a set R with a polynomial number, m, of possible radii. For each disk that intersects the segment, we may
consider its intersection region as the intersection of the line segment with
another disk centered on the segment l. Therefore, we obtain at most nm
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distinct disks centered on l. The algorithm AMCLC is then applied on the
transformed instance with disks on the segment. From the time complexity
of algorithm AMCLC , we can conclude that the time complexity of algorithm
Aε is O(n2 m2 ), which is polynomial on the length of the input and on 1/ε.
Thus, the algorithm Aε is an FPTAS for MLSDCP.

Instances of the continuous variant of MCLCP can be solved using the
algorithm Aε with a minor change. The instances of MCLCP have, for each
center ci ∈ C, a continuous interval Ii = [gi , hi ] of values from which the
radii of the disks may be chosen. To overcome this (continuity) requirement,
it is necessary to establish, for each center ci , the possible values of the
discretized set R within the limits of those intervals before applying the
algorithm AMCLC . This can be done by taking, for each center ci ∈ C, the
set of possible ranges Ri0 = (R ∩ Ii ) ∪ {gi , hi }. This change does not affect
the previous results, since the proof of Theorem 2.1 remains unchanged.
Thus, this algorithm improves the 2-approximation result established
in [2] for the continuous variant of MCLCP when the cost of each disk is
given by a function f (r) = rκ , with κ > 1.
3. Geometric Disk Cover
In this section, we present a PTAS for MGDCP, where the objects to be
covered are well-behaved in the sense described in Section 1. The algorithm,
which we denote by Bε , uses as a subroutine, an algorithm for the Min-Size
k-Clustering Problem, (MSCP), which can be stated as follows. Given a set
X of points in d-dimensional space, let F be a set of fixed costs Fp for each
point p ∈ X. Let f (r) = rα be a function, where α ≥ 1 is constant, and let
k be an integer constant. The MSCP consists of choosing the radii ri for at
most k disks centered at points pi ∈ X so that all
Pthe points of X are covered
with minimum total cost. The cost is given by pi ∈X|ri >0 (f (ri ) + Fpi ). Bilò
α O(d)

et al. [4] present a PTAS for the MSCP with time complexity O(n( ε )
α4
ε6

). In

particular, for d = 2, they give a PTAS with complexity O(n ). We denote
the PTAS presented in [4] by BξMSC .
The algorithm Bε , described below, is similar to the algorithm Aε . The
idea is to generate an instance of MSCP and apply the algorithm BξMSC to
obtain a solution that is later transformed to a solution of the instance of
the MGDCP.
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Given an instance I = (C, L, f ) of the MGDCP, let ξ = ε/(8κ), rmin =
ξ · maxo∈L {maxp,q∈o {kp, qk1 }}/2n, and rmax = maxc∈C, o∈L {maxp∈o {kc, pk1 }}.
The value rmin is chosen in this way because an optimal solution has a lower
bound given by the covering of the diameter of the largest object. The
degenerate case where all the objects to be covered are points can be solved
by the algorithm BξMSC directly. Hence, we may assume that the instance to
be solved is non-degenerate.
Let R = {rmin , rmin (1 + ξ)1 , rmin (1 + ξ)2 , . . . , rmin (1 + ξ)m−1 } be a set of
radii values, where m is the smallest integer such that rmin (1 + ξ)m−1 ≥ rmax .
Note that, analogous to the Lemma 2.1, the number of possible radii m = |R|
is polynomial in the input size and in 1/ε.
Consider the set of all circles centered at each point c ∈ C with all possible
radii in R. These circles define an arrangement whose total combinatorial
complexity is quadratic on the number of circles (see [10]) and, therefore, the
total number of regions is polynomial in n and m.
Let R be the set of regions that intersect at least one geometric object
given in the input. Each region can be described as a solution of a system of
polynomial inequalities. For each of these systems, we can add the inequalities that bound the geometric objects. Using the algorithm presented in [11]
to solve systems of polynomial inequalities, it is possible to obtain, for each
region h ∈ R, a point p(h) that belongs to a geometric object.
Define an instance of the MSCP as follows: let P = {p(h) : h ∈ R} and
let X = C ∪ P. To obtain the set F, for each point pi ∈ X define its fixed
cost Fi , as Fi = 0 if pi ∈ C, and Fi = ∞ (or a sufficiently large value) if
pi ∈ P. By defining the fixed costs in this way, we prevent the disks centered
at points pi ∈ P from being part of a solution.
As a final step, we obtain a solution Ŝ = (r̂1 , . . . , r̂n ) by applying algorithm BξMSC and generate a solution S = (r1 , . . . , rn ) for instance I, with
ri = (1 + ξ)r̂i when r̂i ≥ rmin , and ri = rmin otherwise.
To prove that algorithm Bε runs in polynomial time, we may proceed as in
the previous section, using that algorithm BξMSC has polynomial complexity.
Lemma 3.1. The time cost to determine a representative point for each
region in R is polynomial.
Proof. The time cost we seek is given by the complexity of the algorithm
2
from [11]. That algorithm runs in time b((mn + γ)δ)d , where b is the maximum length in bits of the representation of the coefficients of the polynomials
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in the system, δ is the maximum degree of these polynomials, γ is the number
of polynomials in the system that describes the objects and d is the dimension
of the space. With b, γ, δ and d given as constants, the total time is polynomial in mn. This algorithm is executed for each region, whose number is
also polynomial in mn, resulting in a polynomial total time to determine the
set P of representative points.

Theorem 3.1. The algorithm Bε is a PTAS for MGDCP.
Proof. Let I = (C, L, f ) be an instance for the problem MGDCP. Let
S ∗ = (r1∗ , . . . , rn∗ ) be an optimal solution for I and S = (r1 , . . . , rn ) be the
solution obtained by the algorithm Bε , which covers all the points in P. Let
Ŝ ∗ be an optimal solution for the problem, MSCP, of covering the points in
P, and Ŝ be the solution obtained by algorithm BξMSC .
Note that there is a mapping of each point in P to a region in R, and
that each region of R is defined by intersections of circles. Each circle comes
from a set of concentric circles, with radii increasing by a factor (1 + ξ).
The solution S, obtained from Ŝ = (rˆ1 , . . . , rˆn ) by increasing each radius
rˆi by a factor of (1+ξ) and rounding up the resulting radii that remain smaller
than rmin to rmin , covers all the regions in R. Let B = {i ∈ {1, . . . , n} : ri =
(1 + ξ)rˆi > rmin } be the set of (indices of) disks in S with radius larger than
rmin , and T = {1, . . . , n} \ B be the set of disks in S with radius rounded up
to rmin . As each point in P belongs to at least one geometrical object, we
have f (Ŝ ∗ ) ≤ f (S ∗ ). Therefore,
X
X
f (S) =
f ((1 + ξ)rˆi ) +
f (rmin )
i∈B

i∈T
κ

≤ (1 + ξ) f (Ŝ) + nf (rmin )
≤ (1 + ξ)κ (1 + ξ)f (Ŝ ∗ ) + ξ κ f (S ∗ )
κ+1

κ

ε/8
ε/8
∗
f (S ) +
f (S ∗ )
≤ 1+
κ
κ


κ 
ε/8
ε/8
≤ (e )(1 + ε/8) +
f (S ∗ )
κ

 ε  
ε ε
≤ 1+2
1+
+
f (S ∗ )
8
8
8
≤ (1 + ε)f (S ∗ ),
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(8)

(9)
(10)

where (8) is valid because the solution Ŝ is obtained by the algorithm BξMSC ,
which is a PTAS, (9) follows from (1 + x/κ)κ ≤ ex when |x| ≤ κ and κ ≥ 1,
and the validity of (10) follows from the fact that ex ≤ 1+2x when 0 ≤ x ≤ 1.
By Lemma 3.1 the time complexity to determine the representative points
in P is polynomial. Thus, the instance solved with the algorithm BξMSC has
polynomial size, resulting in a polynomial total time.
Thus, the algorithm Bε is a PTAS for the problem MGDCP.

After obtaining the set P of representative points, if the instance meets
the restrictions assumed by the work of Gibson et al. [6], where the cost of
the disks are such that α = 1 and with the assumption that two candidate
solutions can be compared in polynomial time, the algorithm of [6] can be
used instead of the algorithm BξMSC , obtaining an exact solution in polynomial
time for covering the set P. In this case, we have obtained an FPTAS since
the total time is polynomial in the size of the input and in 1/ε.
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