
Introduction Applications Inversion Methods Exact and Probabilistic Inverses Experiments Future Work

Inversion of Algorithms
Applications to Bioinformatics

João Meidanis1,2 Pedro Feijão1

1 Instituto de Computação – UNICAMP
2 Scylla Bioinformática

August 28th, 2008

Meidanis J, Feijao P UNICAMP / Scylla Bioinformática

Inversion of Algorithms



Introduction Applications Inversion Methods Exact and Probabilistic Inverses Experiments Future Work

Outline

1 Introduction

2 Applications

3 Inversion Methods

4 Exact and Probabilistic Inverses

5 Experiments

6 Future Work

Meidanis J, Feijao P UNICAMP / Scylla Bioinformática

Inversion of Algorithms



Introduction Applications Inversion Methods Exact and Probabilistic Inverses Experiments Future Work

Inversion of Algorithms
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It’s all about Formulas

For centuries, Science relies on formulas:

V =
4
3
πr3 (geometry)

p = 2π

√
L
g

(Galileo)

F = G
m1m2

d2 (Newton)

E = mc2 (Einstein)

Meidanis J, Feijao P UNICAMP / Scylla Bioinformática

Inversion of Algorithms



Introduction Applications Inversion Methods Exact and Probabilistic Inverses Experiments Future Work

It’s all about Formulas

area =

∫ 0

−2
f (t)dt
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Discovering Formulas

Discovering new formulas was the open problem of an era

ax2 + bx + c = 0 ⇒ x =
−b ±

√
b2 − 4ac

2a

anxn + an−1xn−1 + · · ·+ a0 = 0 ⇒ x = ?

Meidanis J, Feijao P UNICAMP / Scylla Bioinformática

Inversion of Algorithms



Introduction Applications Inversion Methods Exact and Probabilistic Inverses Experiments Future Work

Things Changed

Problem of yore:

to have a formula or not to have one, that is the question

Problem of today:

to have an efficient algorithm or not to have one, that is the

question
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Algorithms Replace Formulas

Greatest Common Divisor

Algorithm: d = gcd(a,b)

Input: a,b
while b 6= 0 do

r ← a mod b
a← b
b ← r

end
Output: a
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Algorithms Replace Formulas

Problem: “A new TV costs $119.00, or 10 fixed installments of
$14.67 without down payment. What is the interest rate?”

119.00
14.67

=
1
i

(
1−

( 1
i + 1

)10
)

There is no formula for i , but spreadsheets do it:

= RATE(10,10.67,-119) ⇒ i = 4% monthly
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Inversion

If we know that

p = 2π

√
L
g

then

g =
4π2L

p2 and L =
gp2

4π2

Can we do the same with algorithms?
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Applications to Bioinformatics

Biological Process ≡ Algorithm

Tracking Back Process ≡ Inverse of Algorithm

DNA Fragment Assembly

Phylogeny Reconstruction

Sequence Comparison
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DNA Fragment Assembly
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Phylogeny Inference
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Sequence Comparison
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Is it always possible to invert?

No! A few cases:

x
y

z ← x + y

A

z

A is not “injective”, partial inverse is
possible

x
cryptography

1024-bit

A

y

It is possible, although computationally
intractable to invert A
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Inversion Methods

Exhaustive Search Method

Step-by-step Method

Newton’s Method
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Exhaustive Search Method

Algorithm: A−1(y)

Input: y
begin

for all possible x do
if A(x) = y then stop

end
end

Output: x
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Step-by-step Method

Algorithm A: Algorithm A−1:
Step 1 (Step n)−1

Step 2 (Step n − 1)−1

· · · · · ·
Step n − 1 (Step 2)−1

Step n (Step 1)−1
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Newton’s Method

A(x) = y ⇐⇒ f (x) ≡ A(x)− y = 0

Algorithm: A−1(y)

Input: y
begin

guess some initial value x0

i ← 0
while A(xi) 6= y do

xi+1 ← xi − f (xi)/f ′(xi)

i ← i + 1
end

end
Output: xi
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Refining Model
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Refining Model

Model A: use S(A)

Refined Model A′: use S(A′)

Meidanis J, Feijao P UNICAMP / Scylla Bioinformática

Inversion of Algorithms



Introduction Applications Inversion Methods Exact and Probabilistic Inverses Experiments Future Work

Exact Inverse

Definition

B is an exact inverse of A if, for all inputs x ,

B(A(x)) = x

x

A B

x
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Bioinformatics Applications

A is usually probabilistic

Inputs and Outputs are not just numbers, but also sequences
and other complex structures (trees, etc.)

Need to take into account approximation and probability in

inverse
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Bioinformatics Applications

A = probabilistic algorithm on complex data structure
B = good inverse candidate

B(A(x)) = x (Hardly ever)
dist(B(A(x)), x) ≤ α|x |

(Likely – requires notion of “distance” and ”size”)

Pr
[
dist(B(A(x)), x) ≤ α|x |

]
≥ 1− ε (Covers all cases)
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Probabilistic Inverse

Definition

B is an (α, ε) - probabilistic inverse of A if, for all inputs x ,

Pr
[
dist
(
B(A(x), x)

)
≤ α|x |

]
≥ 1− ε

for small α and ε.

larger α⇒ smaller ε
smaller α⇒ larger ε
Quality of inverse measured by the relationship between α and ε
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Experiments

DNA Fragment Assembly

Phylogeny Reconstruction

Sequence Comparison (sketch)
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Inversion in Fragment Assembly

Given

A(x) = fragmentation and sequencing of genome x
B(y) = inverse candidate

Is it true that

B(A(x)) = x ? (Probably not, lack of coverage)
dist(B(A(x)), x) ≤ α|x | ? (Not likely to hold for all A(x))

Pr
[
dist(B(A(x)), x) ≤ α|x |

]
≥ 1− ε ? (Yes!)
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Fragment Assembly
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Fragment Assembly

Fragmentation Algorithm
Parameters:

coverage 8
fragment size 500
base calling errors 0%,1% and 5%

INPUT:
Random DNA – sizes 100kbps and 200kbps
Human BACs and Bacterial DNA – from 16.8kbps to 168.1kbps
250 runs for each input
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Fragment Assembly

Fragment Assembly Softwares
Phrap (Ewing and Green, 1994)

1 overlap
2 layout
3 consensus

Euler2 (Pevzner et al. 2001)
1 error correction
2 build de Bruijn Graph
3 find Eulerian Path

Relative speed: Phrap 12× faster on average

Assemblies and Original Genomes compared with MUMMER
(Kurtz et al. 2004)

Distance given by
d = ngaps + nerrors
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Fragment Assembly
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Fragment Assembly
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Phylogeny Reconstruction
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Phylogeny Reconstruction

Simulated evolution

simulation using EvolveAGene3 (Hall, 2008)
Inputs:

DNA sequence of human gene hemoglobin alpha

Average branch lengths of 0.3, 0.8 and 1.5

Output:

Simulated tree with 32 leaves and DNA sequences on every node
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Phylogeny Reconstruction

Phylogeny Reconstruction

Alignment of the 32 DNA sequences with ClustalW (Thompson et.

al, 1994)
3 Phylogeny methods, all using Phylip (Felsenstein, 1989)

Distance-based with Neighbor Joining (NJ)

Parsimony

Maximum Likelihood

Comparison between “Real” and reconstructed trees

Distance measure: Split Distance

Software: TOPD/FMTS (Puigbò et. al, 2007)
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Phylogeny Reconstruction
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Sequence Comparison

Jukes-Cantor: Models nucleotide evolution using substitutions only
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Sequence Comparison

Kimura 2-parameter: Models nucleotide evolution using
substitutions only, with two different rates for transition and
transversion
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Simulation of Jukes-Cantor DNA Evolution

ρ = rate of change (time × rate of change per unit time)

Algorithm: JC(s1, ρ)
Input: sequence s1, rate of change ρ

begin
for i ← 1 to |s1| do

s2[i]←

{
s1[i] with probability e−4ρ/3

6= s1[i] with probability 1− e−4ρ/3; // (*)

// (*) equally likely among the 3 other bases

end
end

Output: s2
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Partial Inverse of JC evolution

Algorithm: iJC(s1, s2)

Input: sequences s1, s2 of same length
begin

n← |s1|
ds ← # of differences between s1 and s2

ρ̂← −(3/4) ln
(
1− (4/3)(ds/n)

)
end

Output: ρ̂
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Partial Inverse of JC evolution

Is this truly an inverse?

As1(ρ) ≡ JC(s1, ρ) (probabilistic)

Bs1(s2) ≡ iJC(s1, s2) (deterministic)

ρ = 0⇒ s1 = s2 ⇒ ρ̂ = 0

Bs1(As1(ρ)) = ρ ? (Not always)

|Bs1(As1(ρ))− ρ| ≤ αρ ? (Most of the time)

Pr
[
|Bs1(As1(ρ))− ρ| ≤ αρ] ≥ 1− ε ? (Yes)
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Evolution with Gaps

i : rate of insertion
d : rate of deletion
s: rate of substitution
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String Edit Distance

Smallest number of edit operations (insertions, deletions and
substitutions) needed to transform s1 into s2

Weighted version: operation have costs, and minimum weight
series of operations is sought
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Optimal vs. Most Likely

Edit distance = optimal series
Real distance = average series
For small distances, optimal ≈ average, but their difference
increases with distance
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Future Work

Definition of “injection” for probabilistic algorithms
Try to adapt successive approximation methods to string
inputs/outputs
Discover relationship between ratios of change and costs in edit
distance
Further analyze relationship between α and ε for various
inverses.
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