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Introduction
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Comparing genomes

a b

c
Multichromosomal genomes

Each chromosome may be linear or circular

Assume genomes have the same genes (just positioned differently)

Assume correspondence between homologous genes is given

Number that represents the “distance” between two genomes

Rank distance: not as well-known as Double Cut and Join (DCJ)

Both easy to compute, biologically sound a
b

c
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Rank distance: DCJ with average # of adjacencies

at ch ct ah bt bh

DCJ
=⇒

at ch ct ah bt bh

To compute distance: build breakpoint graph with caps

Formula: # adjacencies - # of components

However, genomes may differ in # of adjacencies; which one to use?

DCJ approach: close paths into cycles, add “null” chromosomes to
equalize # of adjacencies

Rank distance approach: use average # of adjacencies (then double
formula to avoid fractions)

dDCJ = 5− 3 = 2 drank = 2
(
4+5
2 − 3

)
= 3
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Rank distance by rearrangements

a b

c
cut
=⇒

a b

c
join
=⇒

b

a c

Allowed rearrangements: cuts, joins, double swaps

Weights: cut = join = 1, double swap = 2

Rank distance: weight of optimal (smallest weight) series of genome
rearrangements taking A to B

b

a c
join
=⇒

b

a

c
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Rank distance by breakpoint graph components

Forget about caps — not needed

Breakpoint graph without caps has paths and cycles only

Path contributes its # of edges to rank distance

Cycle contributes its # of edges minus 2 to rank distance

drank = 1 + 2 + 0 = 3
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Interesting property

Optimal rank series never mix breakpoint graph components

Some DCJ optimal series do mix breakpoint graph components
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Rank by matrices

at
ah
bt

bh

ct
ch



1 0 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


a b

c

a
b

c

We can represent genomes as square, symmetric, 0-1 matrices

With this representation, rank distance is just r(A− B)

1 0 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−

0 0 0 0 0 1
0 0 0 0 1 0
0 0 1 0 0 0
0 0 0 1 0 0
0 1 0 0 0 0
1 0 0 0 0 0

=

1 0 0 0 0 −1
0 0 1 0 −1 0
0 1 −1 0 0 0
0 0 0 0 0 0
0 −1 0 0 1 0
−1 0 0 0 0 1
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Rest of the talk

A B

Scenario from A to B: optimal series of operations taking A to B

Intermediate genome: any genome that can appear in a scenario

In graph language:

Scenario = minimum weight path
Intermediate = vertex in scenario

Both give an idea of the “diversity” of ways to get from A to B

In general, there are a lot less intermediates than scenarios

3 paths (sorting scenarios) 6 intermediate genomes
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Scenarios
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Formulas / Code for Scenarios

Scenarios(A,B) =

{
(` + 1)`−1 for a 2`-cycle
complicated for a path

Formula for cycles already known (same as DCJ)

No simple formula, but fast code

Depends on type and size of components only

count rank scenarios2.py -c 2 4 6 -p 2 3 5

result: 283983840

ZCM2019 (Unicamp, SFU) Scenarios, Intermediates for Rank May 2019 12 / 21



Intermediates
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Formulas / Code for Intermediates

Ic(2k) =
1

k + 1

(
2k

k

)
Ip(k) =

(
k + 1

b(k + 1)/2c

)

Depends on type and size of components only

count intermediates2.py -c 2 4 6 -p 2 3 5

result: 3600
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Experiments
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Eutherian genomes

Counts for human genome vs. other eutherians

Species Distance Scenarios Intermediates

Chimpanzee 27 6.54× 1011 2.46× 104

Orangutan 53 6.03× 1038 1.29× 1010

Rhesus 150 1.21× 10138 1.45× 1028

Elephant 336 [10583, 10609] 8.56× 1086

Goat 393 [10548, 10588] 5.30× 1085

Mouse 509 [10830, 10980] 2.44× 10131

Rat 788 [101251, 101476] 2.30× 10189

ZCM2019 (Unicamp, SFU) Scenarios, Intermediates for Rank May 2019 16 / 21



Thanks!!

Get this presentation:

http://www.ic.unicamp.br/~meidanis/research/rear/
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Formulas for Scenarios (1/2)

q big paths with lengths k1, . . . , kq
p big cycles with lengths 2`1 + 2, . . . , 2`p + 2

Scenarios = Cycles(`1, . . . , `p)ShufflePaths(k1, . . . , kq; `1, . . . , `p)

Cycles(`1, . . . , `p) =

p∏
i=1

Sc(2`i + 2)

ShufflePaths(k1, . . . , kq; `1, . . . , `p) =

k1∑
`′1=bk1/2c+1

· · ·
kq∑

`′q=bkq/2c+1

(`1 + . . . + `p + `′1 + . . . + `′q)!

`1! . . . `p!`′1! . . . `′q!

q∏
j=1

Sp(kj , `
′
j)
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Formulas for Scenarios (2/2)

Cycles (always ` operations):

Sc(2` + 2) = (` + 1)(`−1)

Paths (from dk/2e+ 1 to k operations):

Sp(0, 0) = 1

Sp(k , `) =

dk/2e−1∑
i=0

2i∑
j=i+1

Sp(2i , j)Sp(k − 2i − 1, `− j − 1)

(
`− 1

j

)
+

dk/2e−1∑
x=0

dk/2e−x−1∑
z=1

z(z−2)Sp(k − 2z , `− z)

(
`− 1

z − 1

)
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Lower and Upper Bounds for Scenarios (1/2)

For bk/2c+ 1 ≤ ` ≤ k

Sp(k , bk/2c+ 1) ≤ Sp(k , `) ≤ Sp(k, k)

Lower Bound:

Sp(k , bk/2c+ 1) =

{
(m − 1)(m−1) k = 2m − 1
mm − 2(m − 1)m k = 2m

Upper Bound:

Sp(k , k) =

{
Tm k = 2m − 1
Sm k = 2m

Tm, Sm: tangent and secant numbers
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Lower and Upper Bounds for Scenarios (2/2)

Tangent numbers:

tan(x) =
∞∑

m=1

Tm
x2m−1

(2m − 1)!
= x +

1

3
x3 +

16

120
x5 +

272

5040
x7 + . . .

Secant numbers:

sec(x) =
∞∑

m=0

Sm
x2m

(2m)!
= 1 +

1

2
x2 +

5

24
x4 +

61

720
x6 + . . .
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