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Summary
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© Distance and the Median Problem
e An Approximation Algorithm

© Experiments

© Future work
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Genome elements

adjacencies
gene

gene extremities
|

telomere

linear chromosome

e Adjacencies: {ap, bp}, {bt, ct}; telomeres: at, cp

Zanetti, Biller, Meidanis (Ottawa/Campinas) Genome Matrices and The Median Problem December 2016



Representing genomes as matrices

e Adjacencies: {ap, bp}, {bs, ct}; telomeres: a¢, cp

at
ah
by
by,
Ct
Ch

OO O OO
O O OOOoO
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O O O O o
O OO O+~ O
OO O+~ OO

Properties
@ 0-1 matrices, satisfy A= At = A~!

@ even dimension
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@ Distance between two genome matrices is the rank of their difference
d(A,B)=r(A—-B)

Properties
o r(A+B) < r(A)+r(B)
@ Hence, d(A,C) < d(A,B)+d(B,C)
e d(A,B)=0ifandonlyif A=8B
e d(A,B)=d(B,A)
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Genome Rearrangements

rank 2 rank 4

rank 2
(a[s[EEE[F[c) (alB[c[D[E[F[G)

lnsertinnﬂ deletion l'usinnil fiszion
CalBlE[rlG) (als[cD)E[F[G)

NfA rank 1
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Matrix Median Problem

Useful for ancestor reconstruction

Definition

Given three input genome matrices A, B, and C, find matrix M
minimizing d(M, A) + d(M, B) + d(M, C).

@ Polynomial? NP-hard? Nobody knows.
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Median may not be genomic
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@ Need a way to go back from matrices to genomes
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Properties of the Median

@ Lower Bound

d(M, A) + d(M, B) + d(M, C) > d(B,A) + d(C27 B)+ d(A C)

o At least one of the “corners” (input genomes) is a 4/3 approximation
of the median
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Approximating Matrix Medians

@ Interesting Property

For any three n X n genome matrices A, B, and C there is a median M
satisfying: for all vectors v € R" such that Av = Bv = Cv, we have
My = Av.

@ Can we say the same if just Av = Bv? Open.

@ However, we can act on this idea.
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Division into subspaces

Cv=Av Wi
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Approximation Algorithm

Subspaces

Orthonormal Bases

Projection Matrices

Median Candidates

°4

Vi Vo Vs Ve Ve
L
S S S S S5
L
P, P, P; P, Ps
/o |
Ma = APy + APs + BPs + APy + APs
Mg = BPy + BP, + BPs + APy + BPs
Mc = CP1 + BPy + CP3 + CP4 + CPs

3 approximation factor for genome matrices

e if V5 = {0} then each candidate is a median (reaches lower bound)
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From matrices back to genomes
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o Assign weight |aj;| + |aji| to edge ij
@ Take a maximum weight matching as your solution

@ A genome is a matching of gene extremities

corooooo

mooooooo
cooo~ooo
o oooooo
Co OO0 OO
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Implementation

Software
o MATLAB 7.1.0.183 (R14) Service Pack 3

e rational coefficients

@ GNU Octave 3.8.1
@ Pyhton NetworkX library

e for maximum weight matching routine
o only edges with |a;| + |a;;| > 10712

Hardware

@ Linux VMs, 1 GB memory, 2 cores
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Experiments

@ Sanity Checking

@ Biological Relevance Checking
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Sanity Checking

@ same score for My, Mg, M¢
score(M) = d(A, M)+ d(B, M) + d(C, M)

@ satisfy lower and upper bounds

4
I.b. < score(M) < 3 l.b.

@ at least one of My, Mg, Mc different from A, B, C

@ stop at matrices; don't do matrix-to-genome step
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Sanity Checking

Results

@ Random genomes

1200 instances

n=4,6,8, 12, 16, 20, 30, 50, 100, 200, 300, 500 extremities
same score: 90% of cases

satisfy I.b. & u.b.: 100% of cases

approaching u.b. when n grows

at least one different from A, B, C: 100% when n > 12

@ Campanulaceae mitochondrial genomes

286 instances

n = 210 extremities

same score: 87% of cases

satisfy I.b. & u.b.: 100% of cases

closer to I.b. (1% off in average)

at least one different from A, B, C: 100% of cases
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Sanity Checking

Take-home lessons

@ not always same score: take best candidate
@ always satisfy I.b. & u.b.

e random genomes: tends to u.b. as n grows
e Campanulaceae: closer to l.b. (1% off in average)

@ at least one different from A, B, C (except in small cases, n < 12)
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Biological Relevance Checking

Simulation

@ Start with random genome

@ Apply rearrangement operations
@ Solution G;

e Run ASMedian-linear, an exact DCJ Median Solver
Solution G;

e Compute median candidates
e Transform back into genomes
o Take the best of three genomes

@ Compare both solutions to starting genome

Repeat for
e sizes: 12, 16, 20, 30, 50, 100, 200, 300, 500, 1000 extremities
e rearrangment operations: 5% to 30%
e 10 x each
e 600 instances
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Relationship with Double Cut-and-Join (DCJ)

rank 2, DCj=1 rank 4, DCJ=2
(A]B] [F|G)

rewzrsalI transposition
Cals] [F[c) [Flc)

rank 2, DCj=1
GEEBEE J GIB[CBEF[©)

lnsertiontl deletion fusionil fission
CA[B[E[F]G) (alB[cD)
N/A rank 1, DCJ=1
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Almost always finds medians

@ 600 instances, with 12 to 1000 extremities

@ 594 optimal matrices, 592 optimal genomes

rearrangement rate

005 01 015 02 025 03
2 v v v v v
6 v v v Jo9/9
20 v v v v v
Gize 30 Vv v v v
50 v v v 9/9 9/9 9/9
100 v v v vo9/9
200 v v 9/9 v /o10/9
300 v v v /oo10/9 v
500 v v v v v
1000 v /7 v v v
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Biological Relevance Checking: Results

Summary (averages)

ASMedian-linear Our method

DCJ distance to original genome 0.9 better

Rank distance to original genome 1.9 better
False positive adjacencies 2.8 better
False negative adjacencies 0.9 better
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Running time - ASMedian-linear

@ Time explodes for 1000 extremities and high rearragement rates

mean time (s)

005 1 015 02 025 03
rearrangement rate
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Running time - Our Method

@ Rearrangement rate does not seem to affect performance

mean time (s)
o

10 o
&

gene extremities

0,05 0,1 015 02 025 03
rearrangement rate
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@ Advance the theory
o NP-hardness

@ Try other candidates
A+B+C ;

3 nV5

@ Try minimax matrices
minimize max{d(A, M),d(B, M),d(C, M)}
Get this presentation:

http://www.ic.unicamp.br/~meidanis/research/rear/
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