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The Human Genome

Source: National Center for Biotechnology Information (NCBI), USA
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Genome elements

Adjacencies: {ah, bh}, {bt , ct}; telomeres: at , ch
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Representing genomes as matrices

Adjacencies: {ah, bh}, {bt , ct}; telomeres: at , ch

at
ah
bt
bh
ct
ch



1 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 1


Properties

0-1 matrices, satisfy A = At = A−1

even dimension
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Distance

Distance between two genome matrices is the rank of their difference

d(A,B) = r(A− B)

Properties

r(A + B) ≤ r(A) + r(B)

Hence, d(A,C ) ≤ d(A,B) + d(B,C )

d(A,B) = 0 if and only if A = B

d(A,B) = d(B,A)
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Genome Rearrangements

Zanetti, Biller, Meidanis (Ottawa/Campinas) Genome Matrices and The Median Problem December 2016 7 / 26



Matrix Median Problem

Useful for ancestor reconstruction

?

Definition

Given three input genome matrices A, B, and C , find matrix M
minimizing d(M,A) + d(M,B) + d(M,C ).

Polynomial? NP-hard? Nobody knows.
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Median may not be genomic

0 1 0 0

1 0 0 0

0 0 0 1

0 0 1 0




0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0




0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0




−0.5 0.5 0.5 0.5

0.5 −0.5 0.5 0.5

0.5 0.5 −0.5 0.5

0.5 0.5 0.5 −0.5




Need a way to go back from matrices to genomes
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Properties of the Median

Lower Bound

d(M,A) + d(M,B) + d(M,C ) ≥ d(B,A) + d(C ,B) + d(A,C )

2
.

At least one of the “corners” (input genomes) is a 4/3 approximation
of the median
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Approximating Matrix Medians

Interesting Property

Theorem

For any three n × n genome matrices A, B, and C there is a median M
satisfying: for all vectors v ∈ Rn such that Av = Bv = Cv, we have
Mv = Av.

Can we say the same if just Av = Bv? Open.

However, we can act on this idea.
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Division into subspaces
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Approximation Algorithm

V1

S1

P1

V2

S2

P2

V3

S3

P3

V4

S4

P4

V5

S5

P5

Subspaces

Orthonormal Bases

Projection Matrices

Median Candidates

MA = AP1 + AP2 + BP3 + AP4 + AP5

MB = BP1 + BP2 + BP3 + AP4 + BP5

MC = CP1 + BP2 + CP3 + CP4 + CP5

4
3 approximation factor for genome matrices

if V5 = {0} then each candidate is a median (reaches lower bound)
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From matrices back to genomes



0.2 0.8 0.5 0 0 0.4 0 0.1
0.4 0 0 0 0 0.3 0 0.6
0.3 0 0.5 0.2 0 0 0 0.3
0 0 0 0 0 1 0 0

0.1 0 0 0.1 0.1 0.4 0.2 0.7
0 0 0 1 0 0 0 0

0.3 0 0 0.5 0.1 0 0.4 0.1
0 0.8 0.2 0 0 0.8 0.2 0.3





0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1
0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 1 0 0 0



Assign weight |aij |+ |aji | to edge ij

Take a maximum weight matching as your solution

A genome is a matching of gene extremities
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Implementation

Software

MATLAB 7.1.0.183 (R14) Service Pack 3

rational coefficients

GNU Octave 3.8.1

Pyhton NetworkX library

for maximum weight matching routine
only edges with |aij |+ |aji | > 10−12

Hardware

Linux VMs, 1 GB memory, 2 cores
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Experiments

Sanity Checking

Biological Relevance Checking
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Experiments

Sanity Checking

same score for MA,MB ,MC

score(M) = d(A,M) + d(B,M) + d(C ,M)

satisfy lower and upper bounds

l.b. ≤ score(M) ≤ 4

3
l.b.

at least one of MA,MB ,MC different from A,B,C

stop at matrices; don’t do matrix-to-genome step
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Sanity Checking

Results

Random genomes

1200 instances
n = 4, 6, 8, 12, 16, 20, 30, 50, 100, 200, 300, 500 extremities
same score: 90% of cases
satisfy l.b. & u.b.: 100% of cases
approaching u.b. when n grows
at least one different from A,B,C : 100% when n ≥ 12

Campanulaceae mitochondrial genomes

286 instances
n = 210 extremities
same score: 87% of cases
satisfy l.b. & u.b.: 100% of cases
closer to l.b. (1% off in average)
at least one different from A,B,C : 100% of cases
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Sanity Checking

Take-home lessons

not always same score: take best candidate

always satisfy l.b. & u.b.

random genomes: tends to u.b. as n grows
Campanulaceae: closer to l.b. (1% off in average)

at least one different from A,B,C (except in small cases, n < 12)
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Biological Relevance Checking

Simulation

Start with random genome

Apply rearrangement operations

Solution G1

Run ASMedian-linear, an exact DCJ Median Solver

Solution G2

Compute median candidates
Transform back into genomes
Take the best of three genomes

Compare both solutions to starting genome

Repeat for

sizes: 12, 16, 20, 30, 50, 100, 200, 300, 500, 1000 extremities
rearrangment operations: 5% to 30%
10 × each
600 instances

Zanetti, Biller, Meidanis (Ottawa/Campinas) Genome Matrices and The Median Problem December 2016 20 / 26



Relationship with Double Cut-and-Join (DCJ)
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Almost always finds medians

600 instances, with 12 to 1000 extremities

594 optimal matrices, 592 optimal genomes

size

rearrangement rate
0.05 0.1 0.15 0.2 0.25 0.3

12 X X X X X X
16 X X X X X 9 / 9
20 X X X X X X
30 X X X X X X
50 X X X 9 / 9 9 / 9 9 / 9

100 X X X X X 9 / 9
200 X X 9 / 9 X X 10 / 9
300 X X X X 10 / 9 X
500 X X X X X X

1000 X X X X X X
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Biological Relevance Checking: Results

Summary (averages)

ASMedian-linear Our method

DCJ distance to original genome 0.9 better
Rank distance to original genome 1.9 better

False positive adjacencies 2.8 better
False negative adjacencies 0.9 better
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Running time - ASMedian-linear

Time explodes for 1000 extremities and high rearragement rates
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Running time - Our Method

Rearrangement rate does not seem to affect performance
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Future work

Advance the theory

NP-hardness

Try other candidates
A + B + C

3
in V5

Try minimax matrices

minimize max{d(A,M), d(B,M), d(C ,M)}

Get this presentation:

http://www.ic.unicamp.br/~meidanis/research/rear/
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