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ALGEBRAIC REARRANGEMENT MODEL
Our main goal is to investigate the problem of computing the algebraic median of three genomes. Ac-

cording to algebraic rearrangement theory [1], a genome can be seen as a permutation π : E 7→ E, where E
is the set of gene extremities, with the added property that π2 = 1, the identity permutation. The distance
between two genomes π and σ is defined as ||σπ−1||, where ||α|| designates the norm of a permutation.

WHY USE MATRICES?
Given two n× n matrices A and B, we define the

distance between them as:

d(A,B) = n− dimker(B −A),

where dim denotes the dimension of a vector space

and kerX denotes the kernel of the matrix X, repre-
senting a subspace of vectors v such that Xv = 0.

Since the correspondence between permutations
and matrices preserves distances, it makes sense
to study the matrix median problem as a way of
sheding light into the permutation median problem,

which in turn is related to the genome median prob-
lem.

Let A, B, and C be three n×n matrices. We want
to find a matrix M that minimizes

d(M ;A,B,C) = d(M,A) + d(M,B) + d(M,C).

PROBLEM
The genome median problem (GMP): given three

genomes, find a fourth genome that minimizes the
sum of its pairwise distances to the other three. The
GMP is NP-Hard in most rearrangement models.

APPROXIMATION ALGORITHM

The definition of the matrix distance suggests the
following strategy. Decompose Rn into a direct sum
of the subspaces below:

• V1, where A = B = C;

• V2, where A = B 6= C;

• V3, where A 6= B = C;

• V4, where A = C 6= B;

• V5, where A 6= B 6= C 6= A.

We then make our median candidate Ma equal to
A, except in the third subspace, where it should be
equal to B and C. That procedure tries to minimize
the pairwise distances and should yield a good ap-
proximation of a median, if not a median.

The matrix Ma will have a total distance to A, B,
and C equal to:

d(Ma;A,B,C) = dimV2+dimV3+dimV4+2dimV5.

The following figure shows how each subspace
contibutes to the distances between each matrix.
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EXAMPLE
Here’s an example of a computation using our

procedure that leads to a median.

A =

1 0 0
0 1 0
0 0 1

 B =

0 1 0
1 0 0
0 0 1

 C =

1 0 0
0 0 1
0 1 0


Subspace Base Dimension

A = B = C
∑
E 1

A = B 6= C a+ b 1
A 6= B = C (empty) 0
A = C 6= B b+ c 1
A 6= B 6= C 6= A (empty) 0

d(Ma;A,B,C) = 1 + 0 + 1 + 0 = 2

From the triangle inequality, we get a lower
bound for a median M that is

d(M ;A,B,C) ≥ 1

2
(d(A,B) + d(B,C) + d(C,A))

d(M ;A,B,C) ≥ 1

2
(1 + 2 + 1)

d(M ;A,B,C) ≥ 2.

Therefore, Ma is a median for A, B, and C.

COUNTER-EXAMPLE
Here we have an instance for the matrix median

problem for which Ma isn’t a median.

A =

0 1 0
1 0 0
0 0 1

 B =

1 0 0
0 0 1
0 1 0

 C =

0 0 1
0 1 0
1 0 0


Subspace Base Dimension

A = B = C
∑
E 1

A = B 6= C (empty) 0
A 6= B = C (empty) 0
A = C 6= B (empty) 0
A 6= B 6= C 6= A a, b 2

d(Ma;A,B,C) = 0 + 0 + 0 + 4 = 4

But the identity matrix I has a better score than
Ma:

I =

1 0 0
0 1 0
0 0 1


d(I;A,B,C) = 1 + 1 + 1 = 3.

Furthermore, looking at the lower bound, I is
actually a median in this case.

APPROXIMATION FACTOR
The counter-example suggests an approxima-

tion factor of 4
3 . We prove that it is indeed the case,

using the ratio between d(Ma;A,B,C) and the triv-
ial lower bound.

That means that, at worst, the matrix Ma has a
score 4

3 times larger than the median.
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FURTHER INFORMATION
A detailed report of this work will be made

available soon in a technical report of the
IC-Unicamp, in http://www.ic.unicamp.br/
~reltech/.
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