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Resumo

Hoje em dia, estao disponiveis, publicamente, uma imguaatidade de informacdes genéti-
cas. O desafio atual da Gendmica € processar estes dadosmdafobter conclusdes biolbgicas
relevantes. Uma das maneiras de estruturar estas infoesd através de comparacao de
genomas, que busca semelhancas e diferencas entre osaget® dois ou mais organismos.

Neste contexto, a area de Rearranjo de Genomas vem reochastante atencao ultima-
mente. Uma forma de comparar genomas é através da distBncearranjo, determinada pelo
namero minimo de eventos de rearranjo que podem explcdiferencas entre dois genomas.
Os principais estudos em distancia de rearranjo envolvemies de reversoes e transposicoes.

A presente coletanea & composta de oito artigos, contefdas resultados importantes
sobre Rearranjo de Genomas. Estes trabalhos foram am@ssm®m seis conferéncias, sendo
uma nacional e cinco internacionais. Dois destes trabab@ publicados em importantes
revistas internacionais e outro foi incluido como um tapide um livro.

Nossas principais contribuicdes podem ser divididas eism grupos: um novo formalismo
algébrico e uma série de resultados envolvendo o everttamkgosicao.

A nova teoria algébrica relaciona a teoria de Rearranjo eieo@®as com a de grupos de
permutacdes. Nossa intencao foi estabelecer um famalalgébrico que simplificasse a
obtencao de novos resultados, até hoje, muito baseadosnstrucao de diagramas.

Estudamos o evento de transposicao de varias formasn AE apresentarmos resultados
sobre a distancia de transposicao entre uma pernwmagaia inversa, também estudamos o
problema de rearranjo envolvendo transposi¢Oes e @eEmultaneamente, construindo al-
goritmos de aproximacao e estabelecendo uma conjeahra e diametro.

Usamos o formalismo algébrico para mostrar que & pdsterminar a distancia de fusao,
fissao e transposicao em tempo polinomial. Este € o momesultado polinomial conhecido
para um problema de rearranjo envolvendo o evento de traig§oo

Por ltimo, introduzimos dois novos problemas de reaoraojproblema de distancia sin-
ténica envolvendo fusdes e fissdes, e o problema de tsigp de prefixos. Para ambos
apresentamos resultados significativos, que avancamhecionento na area.



Abstract

Nowadays, a huge amount of genetic information is publislgilable. Genomic’s current
challenge is to process this information in order to obtalevant biological conclusions. One
possible way of structuring this information is through ger® comparison, where we seek
similarities and differences among the genomes of two oeraganisms.

In this context, the area of Genome Rearrangements hayvedcednsiderable attention
lately. One way of comparing genomes is given by the reasmaremt distance, which is deter-
mined by the minimum number of rearrangement events thdaexfhe differences between
two genomes. The main studies in rearrangement distanobv/éveversal and transposition
events.

The present collection is composed of eight articles, dnimg several important results on
Genome Rearrangements. These papers were presented amf&renices, one with Brazilian
scope and five with international scope. Two of these workkhei published in important
international journals, and one other work appeared as k tiwapter.

Our main contributions can be divided into two groups: a néyelaraic formalism and a
series of results involving the transposition event.

The new algebraic theory relates the genome rearrangeheanytto the theory of permu-
tation groups. Our intention was to establish an algebmaimélism that simplifies the creation
of new results, up to now excessively based on the construofidiagrams.

We studied the transposition event in several ways. Begidesenting results on the trans-
positions distance between a permutation and its inversealso studied the rearrangement
problem involving transpositions and reversals simultasséy, constructing approximation al-
gorithms and proposing a conjecture on the diameter.

We used the algebraic formalism to show that it is possibldei@rmine the distance of
fusion, fission, and transposition in polynomial time. Tikighe first polynomial time result for
a rearrangement problem involving the transposition event

Finally, we introduced two now rearrangement problemsstheenic distance problem in-
volving fission and fusion, and the prefix transposition jeob For each one of these problems
we present significant results, widening the knowledgeimarea.
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Capitulo 1

Introduc ao

Com o advento de técnicas de seqiienciamento rapidmestastemunhando um crescimento
espetacular na quantidade de dados moleculares, em ésgeddA e seqgiiéncias protéicas.
O grande desafio destes novos tempos da Gendmica € proests@&norme quantidade de
dados e extrair informacdes biologicas relevantes.

Um modo de estruturar essas informacdes € através daaragdo de genomas, através da
gual nbés analisamos dados de espécies distintas pa@bdesimilaridades e diferencas entre
genomas relacionados. Entre os varios modos de se faeetiggstle comparacao, a area de
Rearranjo de Genomas vem ganhando destaque ultimamente.

Nesta area, moléculas grandes de DNA, tipicamenteidasale cromossomos, sao anali-
sadas considerando a ordem relativa de seus genes, comtivsoobgedeterminar a distancia
de rearranjo, determinada pelo nUimero minimo de evemosairanjo que podem explicar as
diferencas entre as duas moléculas de DNA.

Muitos eventos de rearranjo foram recentemente estudagisscomo reversoes, trans-
posicdes, translocacdes, fusdes e fissdes, alengdmas combinacdes de eventos e alguns
eventos restritos.

Uma reversao tem a propriedade de inverter a ordem de umrdonjle genes contiguos
no genoma. Watterson e colegas [123] introduziram o pronaigoritmo rudimentar para
o problema. Kececioglu e Sankoff [78] apresentaram um #@fgorguloso que atingia uma
aproximacao de fatar. Bafna e Pevzner [8] obtiveram um algoritmo de aproximag@m fa-
tor 7/4 para o problema usando uma estrutura denominada “GraBoeddpoints. Em 1998,
Christie [29] mostrou um algoritmo de aproximagao conoifd/2, sendo por muito tempo o
melhor resultado conhecido. Berman, Hannenhalli e Kakp[h4] apresentaram recentemente
um algoritmo de aproximacaio375. Caprara [19] provou que o problema geral de ordenacao
por reversdes & NP-Completo.

Uma série de outros trabalhos [22, 25, 15, 23, 24, 58, 74{76{8] apresentaram aborda-
gens alternativas para o problema levando em consideesgiectos mais praticos.

1



2 Capitulo 1. Introducgéo

Uma das variagdes mais conhecidas deste problema é maggtepor reversdoes quando
as orientacOes dos genes sao conhecidas. Bafna e P@8fdescreveram um algoritmo de
aproximacao com fatos/2. Hannenhalli e Pevzer [64] provaram que esta variante do pro
blema pode ser resolvida em tempo polinomial, apresentandalgoritmo de complexidade
O(n*). Berman e Hannenhalli [13] posteriormente apresentararalgaritmo com complexi-
dadeO(n?a(n)), ondea(n) & o inverso da funcao de Ackerman, que & uma fun¢a@praente
constante. Kaplan, Shamir e Tarjan [73] introduziram o medtigoritmo conhecido para o pro-
blema, que roda em temg®(n?). Meidanis, Walter e Dias [92] provaram que o problema de
ordenacao por reversdes em cromossomos circularessgodesolvido, quando se conhecem
as orientacdes dos genes, em tertxjo?).

Na literatura de Rearranjo de Genomas encontramos aimide watros trabalhos [2, 4, 27,
20,52, 66, 71, 117, 11, 12, 5] envolvendo variantes de pnoddede distancia de reversao.

Outro evento de rearranjo bastante estudado é a trandppgiee troca dois conjuntos ad-
jacentes de genes. Bafna e Pevzner [7, 9] descreveram untralyde aproximac¢ao com fator
3/2 para o problema, usando uma estrutura denominada “Diagian@iclos”. Christie [30]
apresentou um algoritmo mais simples para o problema comsmméator de aproximacao,
mas que tem uma complexidade de pior caso igua[sa). Alternativamente, Walter, Dias e
Meidanis [121] apresentaram um algoritmo simples de seleimgntado que roda efm(n?),
mas cujo fator de aproximacao & @e5. Guyer, Heath e Vergara [58] apresentaram uma
série de heuristicas para este problema baseadas noic@nfr da maior subsequiéncia e na
maior subcadeia de uma permutacao. Até o presente moraecumplexidade do problema
da distancia de transposicao permanece em aberto,em@io €onhecido nenhum algoritmo
polinomial exato e nenhuma prova de que ele seja NP-completo

Variantes do problema de distancia de transposicaoqumes existem restricoes quanto ao
tamanho ou a posicao dos blocos a serem trocados por unspdsacao, foram estudadas por
Aigner e West [3], Heath e Vergara [65] e por Dias e Meidandg.[4

Christie [28] descreveu um novo evento de rearranjo, dematoblock-interchangee que
tem a propriedade de trocar dois conjuntos de genes, n@&ssa@mente adjacentes. Desta
forma, block-interchanggode ser considerado uma generalizacao do evento d@dsagso.
Christie provou que o problema de se encontrar o0 menor raudetlock-interchangesque
transformam uma permutacao em outra, pode ser resolwidermpo quadratico.

Podemos mencionar ainda o evento de translocacao, gsei@ogropriedade de trocar
trechos de cromossomos distintos. As translocagoesfaha dos estudos de Hannenhalli [60]
e Kececioglu e Ravi [75].

Outros dois eventos interessantes sao a fusao e a fisstofudao atua sobre dois cromos-
somos unindo-o0s. Uma fissao, por sua vez, divide um cromassm dois. Dias e Meida-
nis [42] estudaram o problema de rearranjo de genomas emdai\os eventos de fusao, fissao
e transposicao.
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O problema da distancia de rearranjo de genomas envola@ngtaneamente reversoes
e transposicoes foi estudado por Blanchette, Kunisawankd¥ [16], Gu, Peng e Sudbo-
rough [55], Lin e Xue [85] e também por Walter, Dias e Meiddii20, 96].

Chamamos de distancia sinténica, o problema de se detmraimenor distancia de re-
arranjo envolvendo genomas multi-cromossomais quanddexrodos genes & desconhecida.
Este problema foi estudado por Liben-Nowell [82, 83, 79, ®HsGupta e colegas [38], Fer-
retti, Nadeau e Sankoff [48] e também por Dias e Meidanik [43

Trabalhos relacionados a Rearranjo de Genomas foram temtissetacdes de mestrado,
como as de Araujo [40], Curado [36] e Oliveira [41], como té&mbde teses de doutorado,
como as de Christie [30], Hannenhali [59], Vergara [117] dt¥v4119].

Maiores informacdes sobre Biologia Computacional podenobtidos nos livros de Setubal
e Meidanis [105, 106], Gusfield [57], Pevzner [103] e Waterfi22]. Informacdes adicionais
sobre Rearranjo de Genomas podem ser obtidas nos artigesmpéem esta coletanea.

O restante deste capitulo sera dedicado aos dois aspeet@®mpuseram este doutorado:

e O aspecto tebrico, alvo principal desta tese, sera wardvées da apresentacao dos arti-
gos que compdem esta coletanea (Secao 1.1);

e O aspecto pratico sera abordado brevemente na Segaantl®também descreveremos
os trabalhos de bioinformatica realizados pelo aluno raotatério de Biolnformatica
(LBI) do Instituto de Computacao da Unicamp.

1.1 A Coletanea de Artigos

Esta tese de doutorado & orientada a resultados em prabfiernearranjo de genomas, apresen-
tados em forma de oito artigos, um artigo por capitulo. iteonente, o leitor pode ler qualquer
um dos capitulos desta tese independentemente, ja caedsdnformacdes necessarias para a
compreensao do trabalho estao definidas no propridutapiO ponto negativo desta aborda-
gem é a redundancia de conceitos, sentida principalnmenitgcio de cada capitulo.

Os resultados demonstrados nestes artigos foram apr@sgerta uma conferéncia nacional
e em cinco conferéncias internacionais. Aleém disso dalsaihos serao publicados em revistas
internacionais, e outro foi incluido como um capitulo delivro publicado em 2000.

Os artigos que compdem esta coletanea podem ser divieidasias partes com quatro tra-
balhos cada. Na primeira encontram-se artigos cujos paigresultados foram apresentados
anteriormente na tese de doutorado da Profa. Maria Emilid. Mvalter [119]. No segundo
grupo, temos quatro trabalhos com contribuicdes origindas duas sec¢oes seguintes descre-
vemos resumidamente cada um de nossos artigos.
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1.1.1 Primeiros Trabalhos

Todos os trabalhos desta se¢ao foram escritos em cdsaaton a Profa. Maria Emilia M. T.
Walter e com o Prof. Joao Meidanis. Estes trabalhos foragmnatmente escritos entre 1997
e 1999, periodo que corresponde ao inicio desta tese e ataftese de doutorado da Profa.
Maria Emilia M. T. Walter. Alguns desses trabalhos, comeres adiante, foram revisados
nos anos seguintes.

Nem todos os artigos escritos neste periodo fazem parteedarge coletanea. Este € o
caso do trabalho “A New Approach for Approximating The Traostion Distance” (Maria
Emilia M. T. Walter, Zanoni Dias e Joao Meidanis) [121] eggntado ndtring Processing
and Information Retrieval (SPIRE’200@¢alizado na cidade de A Coruia, Espanha, no més
de setembro de 2000. Para maiores detalhes sobre os pisnepaltados deste trabalho ver
Secao A.2.2.

Reversal Distance of Signed Circular Chromosomes

Neste nosso primeiro trabalho estudamos o problema de cantmas cromossomos circulares,
que evoluiram a partir de um ancestral comum através aegs@es, supondo que sao conhe-
cidas a ordem dos genes e suas orientacdes. Apresentgonioseiro algoritmo polinomial
para determinar esta distancia, baseado no algoritmaafiaaproposto por Kaplan, Shamir
e Tarjan [72] para resolver o problema da distancia de séeetie cromossomos lineares com
sinais.

Alem de calcular o diametro de reversao para cromossoomsinais, tanto lineares quanto
circulares, esclarecemos alguns pontos importantes sobparacao de cromossomos linea-
res, inclusive corrigindo uma conjectura sobre o diame¢rceversao para cromossomos linea-
res apresentada por Kececioglu e Sankoff [77] num trabaH84.

Este artigo foi originalmente escrito em portugués e aasio noXXIV Brazilian Software
and Hardware Seminars (SEMISH’9#kalizado em Brasilia, Distrito Federal, em agosto de
1997 [92]. No final do ano 2000, foi ampliado e inteiramengaltizido para o inglés. A
versao aqui apresentada € a mesma que esta depositadaetatario técnico no Instituto de
Computacao da Unicamp sob o nimero 1C-00-23 [95].

Transposition Distance Between a Permutation and its Revee

Neste trabalho, determinamos 0 menor numero de trangigssiecessarias para transformar
uma permutacao qualquer na sua inversa. O problemadratpd foi proposto em 1995 por
Bafna e Pevzner [7], no artigo que €& considerado a princgfaiéncia sobre distancia de
transposicao.

Provamos que a distancia de transposicao entre uma fagaoude tamanho > 2 e a
permutacdo que representa a sua inversa éexatametp+ 1. Apresentamos também um
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algoritmo que calcula uma série 6tima de eventos pargoestdema. Até hoje, este € um dos
raros casos para o qual a distancia de transposicaohecida. Nb6s conjecturamos que este
seja o0 valor do diametro de transposicao.

Este artigo foi apresentado i South American Workshop on String Processing (WSP’97)
na cidade de Valparaiso, Chile, em novembro de 1997 [93].

Reversal and Transposition Distance of Linear Chromosomes

Neste artigo, apresentamos dois algoritmos de aproximpéara o problema da distancia de
reversao e transposicao para cromossomos linearesigamitmo com fator de aproximacao
3 para o problema no qual as orientacdes dos genes sambesatas e outro com fator de
aproximaca@ quando existe a informacdes sobre as orientacdes desge

Nossos algoritmos baseiam-se no de fato que, no primeio saspre podemos remover
pelo menos unbreakpointpor operacao, enquanto no segundo caso, garantimos ppeesée
possivel criar pelo menos um ciclo usando, uma reversamautransposicao.

Provamos também um limite inferior para o diametro dens@ e transposi¢ao para cro-
mossomos quando conhecemos as orientacdes dos geneslit#uons que este valor seja de
fato o diametro para estes eventos de rearranjo.

Em setembro de 1998 apresentamos este trabalho no conigitessacionalString Proces-
sing and Information Retrieval (SPIRE’'9&m Santa Cruz de la Sierra, na Bolivia [120].

A Lower Bound on the Reversal and Transposition Diameter

Neste artigo, nds mostramos que a distancia de reversansposicao da permutacagp =
(-1 —=2... —(n—1) —n)emrelagdo aidentidadg = (+1 +2 +3 ... +(n—1) +n)
é [n/2] + 2 paran > 3, determinando assim um limite inferior n&o trivial paraianetro
de reversao e transposicdes para genomas lineares tmmagdes sobre a orientacao de seus
genes.
Este trabalho & uma extensao de alguns resultados af@sgmo artigo anterior [120]. A
versao apresentada aqui corresponde ao relatoriactei00-16 de outubro de 2000 [94].
Alguns meses antes de terminarmos a redacgao desteriek&tnico submetemos um re-
sumo para a revistdournal of Computational BiologyApos dois anos e meio, fomos comuni-
cados pelos editores diCB que este resumo foi aceito e sera publicado no volume 9erm
5, de 2002 [96].

1.1.2 Contribuicoes Originais

Os quatro trabalhos resumidos a seguir foram desenvolpelaosproponente desta tese e seu
orientador entre os anos de 2000 e 2002. Todos estes adigosstribuicdes originais.
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An Alternative Algebraic Formalism For Genome Rearrangemants

Aqui relacionamos a recente teoria de Rearranjo de Genamnaa teoria de grupos de permu-
tacbes de uma nova forma que acreditamos poder auxiligugmos avancos na area. Esse
trabalho foi motivado pelo fato de muitos argumentos em RRegr de Genomas serem base-
ados em figuras, ou em enumeracao exaustiva de todos a5 eamtenciando a falta de um
formalismo algébrico adequado. NoOs pretendemos daea @e Rearranjo de Genomas um
forte formalismo algébrico, assim como a geometria &inalforneceu alternativas a argumen-
tos geométricos baseados em figuras.

Uma versao preliminar deste trabalho foi apresentada ngreesdsene Order Dynamics,
Comparative Maps and Multigene Families (DCAF’200falizado na cidade de Le Chante-
cler, no Canada, em setembro de 2000 [89]. Este trabalkgrano livroComparative Ge-
nomics: Empirical and Analyitical Approaches to Gene OrBginamics, Map Alignment and
Evolution of Gene Familie®0] langcado em novembro do mesmo ano com os trabalhos apre-
sentados n®@CAF’2000Q

Nesta tese, apresentamos uma versao estendida destedredra resultados extras sobre
0 uso da teoria algébrica aplicada ao problema da dist@lecieversao.

The Genome Distance Problem by Fusion, Fission, and Transpition is Easy

Dados dois genomas circulares, fornecemos um algoritmogiolal que determina uma série
de fusOes, fissdes e transposi¢des, de peso minimtrausorma um genoma no outro. Neste
problema, fusdes e fissdes tém pésenquanto que uma transposicao recebe peso

Este algoritmo & baseado em resultados classicos da tegrupos de permutacdes e € o
primeiro resultado polinomial para um problema de reaordejgenomas envolvendo o evento
de transposicao.

A versao apresentada nesta tese corresponde ao ret&tnioo numero IC-01-07 do Ins-
tituto de Computacao da Unicamp, de julho de 2001 [91]e Esibalho, com pequenas altera-
cOes, foi apresentado 18iring Processing and Information Retrieval (SPIRE’206:Blizado
na Laguna de San Rafael, no Chile, em novembro de 2001 [42].

The Genome Rearrangement Distance Problem with Arbitrary Weights

Este trabalho € uma continuacao natural do artigo sabt@tia de fusao, fissao e transposicao
apresentado nSPIRE’200142]. A diferenca fundamental & que agora associamos ppam
fusOes e fissbes e um peso arbitrario para as tranggssifNos provamos que este problema
é pelo menos tao dificil quanto o problema da distaneigransposi¢ao, problema que ainda
permanece em aberto.

Algumas variacdes do problema também sao estudadasx@®mplo, mostramos um algo-
ritmo polinomial para o problema da distancia sinténma distincao de genes, quando apenas
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eventos de fusOes e fissdes sao permitidos. Provamas@uech problema similar de distancia
sinténica sem distincdo de genes & NP-Dificil.

Estes resultados estao reunidos no relatorio técnigd2k01 do Instituto de Computacao
de marco de 2002 [43]. Pretendemos submeter nos proxireeesreste trabalho a uma con-
feréncia internacional da area de Biologia Computadiona

Sorting by Prefix Transpositions

Neste trabalho, introduzimos um novo evento de Rearranf@ed®mas que denominamos de
Transposicao de Prefixos. Esta operacao move o bloowaftw pelos primeiros genes de um
genoma linear para qualquer outra posi¢cao do genoma.

Apresentamos 0s primeiros resultados para o problema @aagéo por transposicoes de
prefixos, como, por exemplo, algoritmos com fatores de apragao2 e 3. Conjecturamos
que o diametro de transposicao de prefixds(@) = n — L%J e exibimos resultados de varios
testes computacionais que sustentam esta hipotese.

Por Gltimo, propomos um algoritmo que decide quando umenp&tao, que representa
um genoma linear, pode ser ordenada usando apenas o nigrtesasposicoes indicadas pela
lower boundde breakpoints

Estes resultados foram apresentados em Lisboa, Portugahtd a realizacao dstring
Processing and Information Retrieval (SPIRE’200&) setembro de 2002 [44].

Este artigo foi selecionado para publicacao pelos eztdoJournal of Discrete Algorithms
presentes no SPIRE’2002. Uma versao estendida serdaspatte preparada para a revista,
cuja publicagado deve ocorrer nos proximos meses.

1.2 Bioinformatica

Um dos aspectos decisivos para o grande avanc¢o da geattid@® o uso intensivo de técnicas
computacionais. Aioinformética & a ciéncia responsavel pela aplicacao da informgara
analise e administracao de grandes quantidades de dadéscos. De certa forma, podemos
considerar a bioinformatica como a faceta pratica daogialcomputacional.

Toda a pesquisa da moderna Biologia Molecular nao serisiy@sem a computacao. Os
programas de computador, por exemplo, tém papel fundaiimontagem de um genoma,
a partir dos fragmentos de DNA obtidos pelos laboratoreosatjiienciamento. Além disso, sao
estes programas que permitem a comparacao das seagidascobertas com padrdes genéticos
ja conhecidos e armazenados em bancos de dados.

Para se ter uma idéia do volume hoje (setembro de 2002) cilchée informacdes gené-
ticas, o GenBank [53], que & o maior banco de dados intemakde sequiéncias genéticas,
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possui as sequéncias completas de 1073 virus, 99 potmsag 17 eucariotos. E este numero
nao para de crescer, quase dobrando a cada ano.

E o Brasil, como um dos expoentes mundiais em genética, tearbininformatica de des-
taque. Boa parte deste reconhecimento se deve ao Labho@a@iolnformatica (LBI) [80] do
Instituto de Computacao da Unicamp, responsavel pelaformatica dos primeiros projetos
de seqiienciamento genético do pais.

A seguir, descreveremos resumidamente dois importames tie projetos em que o LBI
esteve envolvido nos Ultimos anos: Projeto Genoma (B&gal) e Projeto EST (Secao 1.2.2).

1.2.1 Projeto Genoma

Um projeto genoma tem como objetivo principal determinaseagiéncias de DNA completas
de todos os cromossomos de um organismo. A maior dificuldagde as maquinas de seqien-
ciamento, hoje em dia, sao capazes de obter, no maximbasels de cada vez. Isto demonstra
a inviabilidade de sequienciar um cromossomo de um organietmplexo de uma so vez, ja
gue, por exemplo, a sequiéncia de DNA de um cromossomo déaaot@ria é tipicamente for-
mada por milhdes de bases e a de um eucarioto pode chegamailtéras de bases.

Um dos métodos mais utilizados para se resolver este pnal#e seqgiienciamento de uma
grande quantidade de fragmentos aleatorios de DNA, sofigsepara cobrir 0 cromossomo
original varias vezes. Assim, o problema se reduz a um grauebra-cabeca que & resol-
vido por um programa de computador chamado montador, qoesgtui a molécula original,
utilizando-se da sobreposi¢cao dos fragmentos. Monésdde genomas, devido a sua grande
importancia pratica, sao muito estudados [81, 26, 54198].

Nos Ultimos anos, varios projetos genoma importanteanioconcluidos, como & o caso
da Caenorhabditis elegangl6] (verme), Arabidopsis thaliang68] (planta), daDrosophila
melanogastefl] (mosca) e ddHomo sapien$32, 116] (homem). Em 1997, o Brasil, com o
projeto genoma d&ylella fastidiosaentrou para o seleto grupo de paises com projetos genoma
em andamento.

A Xylella fastidiosabactéria causadora da praga do amarelinho, foi o orgargseolhido
para o primeiro projeto de sequienciamento brasileiracgraimente por causa de trés fatores:
nao haver no mundo, na época, outra pesquisa de seqgiemtade uma bactéria que causa
doencas em plantas (fitopatdogeno); por sua importacoiadenica (cerca de 30% dos laranjais
paulistas sao afetados pelo amarelinho); e por causa dmtaorde seu genoma (2,7 milhdes
de pares de bases, relativamente pequeno).

A FAPESP - Fundacao de Amparo a Pesquisa do Estado deaBEm[#7], investiu cerca de
US$ 15 milhdes no genoma &glella, e boa parte deste valor foi utilizado para criar e equipar
a Rede ONSA [100] (Organization for Nucleotide Sequencimdj Analysis), formada por 35
laboratorios, sendo 34 de sequenciamento e um de bimafara (LBI), distribuidos pelo es-
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tado de Sao Paulo. A Fundecitrus - Fundo de Defesa da Qlitniay51], e o CNPq - Conselho
Nacional de Desenvolvimento Cientifico e Tecnologicd,[8Bdmbém disponibilizaram recursos
para este projeto.

O LBI foi o responsavel por receber, via internet, os dadzadps pelos laboratorios de
seqlienciamento e montar o genoma complet$ydilla, alem de oferecer uma série de servigos
para a comunidade de cientistas da Rede ONSA. Este trabalbioidformatica foi realizado
por uma equipe de onze pessoas e consumiu aproximadameh 00 &il.

O artigo que descreve os resultados do profstiellafoi reportagem de capa da revida-
ture[108], o que mostra a grande repercussao internacioreigdcla pela iniciativa brasileira.
O projeto determinou que o cromossomo principal da bacéformado por 2.679.305 bases,
sendo identificados 2.838 genes.X4lella possui ainda dois plasmideos: o maior & formado
por 51.158 bases e possui 65 genes, e 0 menor & formado pasap@85 bases com 2 genes
identificados. Maiores detalhes sobre a bioinformaticprdgetoXylellapodem ser obtidos na
dissertacao de mestrado de Okura [99].

Os 192 cientistas, entre eles o aluno e dez colegas do LBfizguam daXylellaum grande
sucesso, foram premiados em 21 de fevereiro de 2000, com @hmeatb Mérito Cientifico e
Tecnolbdgico [88] instituida por Mario Covas, entao gmador do Estado de Sao Paulo.

O sequenciamento do genomaXidellafoi apenas a primeira etapa de um longo processo,
cujo resultado final sera a cura da praga do amarelinho.aRdasisso, a FAPESP criou o
Projeto Genoma Funcional [50], que desde o fim do seqieraininvestiga 0s mecanismos
de transmissao e de estabelecimento da bactéria na.planta

No rastro do sucesso d&lella, o Brasil desenvolveu com sucesso outros projetos genoma
como, por exemplo, o projeto das bactéfdsomobacterium violaceunealizado pelo Projeto
Genoma Brasileiro [17] e o Projeanthomona$37] também realizado pela Rede ONSA.

1.2.2 Projeto EST

Projetos ESTs sao alternativas aos projetos de seqiestia de genomas completos. Ao invés
de seqguenciar todo o genoma de um organismo e depois testldir quais sao seus genes,
num projeto EST Expressed Sequence Jagpenas 0S genes expressos pelo organismo sao
capturados e sequenciados.

Um EST, de forma geral, nao corresponde a um gene inteirmgasiapenas uma parte
dele. Surge, entdo, um importante problema computacaer@minadalustering ou seja,
agrupar todos os ESTs que correspondem ao mesmo gene emaongriupo Clusten. Assim
como no caso de montagem de genoma, varios métodos naeadysteringforam propostos
recentemente, quase sempre baseados em experiénticespeén projetos de ESTs, como € o
caso do trabalho de Miller e colegas [97] e Telles e da Sil$¢2][1

O dbEST [39] Expressed Sequence Tags datalpése maior banco publico do mundo de
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EST e conta, hoje em dia, com mais de 12 milhdes de ESTs, @ee4,5 milhdes de ESTs
humanos, 2,6 milhdes de ESTs de camundongo, 350 mil ESTaale 270 mil ESTs de soja.
A partir de informacoes contidas em bancos como estes&ya deduzir a funcionalidade de
um novo gene identificado num projeto EST. Ha trés anos Esdbpossuia pouco mais de 2
milhdes de ESTs depositados.

Mais ou menos ha mesma época, em julho de 1999, a Rede ON&&30g em uma nova
empreitada: o Projeto SUCEST (Sugarcane EST Project) [fjL@]tinha 0 ambicioso objetivo
de ser o maior projeto publico do mundo de sequenciamenteSTs de planta. A cana-de-
acUcar foi escolhida por ser uma planta economicamergeriante para o Brasil, responsavel
por 25% da producao mundial, que se concentra principakrem paises tropicais.

A cana-de-acUcar produzida hoje no Brasil € um hibriglowatras cinco espécies. Por causa
disso, seu genoma & muito complexo, formado por um nunaeiawel de cromossomos (entre
70 e 120), o que inviabiliza seu estudo através de um prgggtoma convencional. Este projeto
foi financiado pela FAPESP e pela Copersucar - Cooperativratutores de Cana, Aclcar e
Alcool do Estado de S3o Paulo [33]. O projeto SUCEST prad@8i1.904 ESTs de cana-de-
acUcar.

Nesse projeto, o Laboratério de Biolnformatica crioweb siteque foi o “ponto de encon-
tro” dos 74 laboratérios de segiienciamento e analisdigeram parte do consorcio.

O trabalho “Bioinformatics of the sugarcane EST projectuil@erme P. Telles, Marilia D.
V. Braga, Zanoni Dias, Lin Tzy Li, José A. A. Quitzau, FeliReda Silva e Joao Meidanis) [111]
descreve todas as atividades desenvolvidas pelo LBl iitdicategorizagao, gendmica com-
parativa e alusteringresponsavel por agrupar os ESTs em 43 ddsters Este trabalho foi
publicado em dezembro de 2001, na edicao especial daa@asetics and Molecular Biology
sobre o Projeto SUCEST. Nos proximos meses deve ser pdblica artigo com as principais
contribuicdes bioldgicas deste projeto [118].

Logo ap6s o inicio do Projeto SUCEST, surgiu o Projetodgal13] desenvolvido pela
Rede ONSA em parceria com o Instituto Ludwig de Pesquisasmancer [86]. Esse projeto
teve como objetivos gerar entre 500 mil e um milhao de ESitsidos de células humanas com
cancer, produzindo aproximadamente 50 mil clusters.dQusjeto EST em desenvolvimento
€ o do parasit&chistosoma mansofii04] que deve gerar cerca de 120 mil ESTs até o final de
2002.
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Capitulo 2

Reversal Distance of Signed Circular
Chromosomes*

Jaao Meidanis
Maria Emilia M. T. Walter

Zanoni Dias

Abstract

We study the problem of comparing two circular chromosonees|ved from a com-
mon ancestor by reversals, given the order of the correspoiggnes and their orientations.
Determining the minimum number of reversals between thembsomes is equivalent to
look for the minimum number of reversals that transformsrautar sequence of signed
integer numbers, defined in an appropriate manner, intchanowvhere a reversal acts on
a subsequence, reversing its order and flipping the signscavedully formalize the con-
cepts of circular chromosome and circular reversal, anevghat this problem is essen-
tially equivalent to the analogous problem on linear chreomees. As a consequence we
derive polynomial time algorithms based on this obsermatitle also compute the reversal
diameter for signed chromosomes, both linear and circular.

*Trabalho depositado como Refatio Técnico no Instituto de Computdip da Unicamp em dezembro de
2000, sob o fimero IC-00-23. Uma vei®o anterior deste reldtrio foi apresentado nXXIV Brazilian Software
and Hardware Seminars(SEMISH’97), realizado em Bra#lia, Distrito Federal, em agosto de 1997.
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2.1 Introduction

The huge amount of data resulting from genome sequencingladJdlar Biology is giving rise
to an increasing interest in the development of algorithanscbmparing genomes of related
species. Particularly these data allowed studies on rougtevents acting on large portions
of the chromosomes, that can be used to compare genomesifdr thie traditional methods
of comparing DNA sequences are not conclusive. There asraawutational events affecting
large fragments of genomes of organisms, and among themrevbesalseems to be one of the
commonest. A reversal replaces a sequence of an arbitigignref the chromosome with the
reverse complementary sequence. This reverses the gegrenatiin the region, and changes
the orientation of each gene. In this paper we study the casgraof two genomes, formed
each by a single circular chromosome, on the basis of the ardkorientation of their common
genes, and in terms of the mutational event of reversal.

A circular chromosome can be seen as a circular arrangenhdadaks of genes, where
each block has anrientation Figure 2.1 shows examples of circular chromosomes of two
species of plants, where each number represents a blockoseehpy one or more genes, and
the arrows indicate the orientations of the blocks of oneiggeaelative to the other.

In a circular chromosome, a reversal is defined by fixing twi@aints in this chromosome,
and reversing the order of the genes in one of the two regiehmiled by these points (see
Figure 2.2).

In general terms, thproblem of reversal distance of signed circular chromoseimédor-
mulated as follows. Given two circular chromosomeand B, we want the shortest series of
reversals that transforms$ into B. This minimum number of reversals is calleglersal dis-
tancebetweenA and B. Figure 2.3 shows an example of a circular chromossomeftraned
into another with the minimum number of reversals.

Another version of this problem arises when the orientatioihthe genes on the chromo-
somes are not known. In that case, we haveuh&ignedversion of the problem, where the
reversals only reverse gene order. There are other versiath® same problem considering
linear chromosomes, and other mutational events besidessed. The literature on problems
originated by different types of mutational events is grogwery quickly in recent years. In
the following, we briefly review other works studying revarobserving that chromosomes are
commonly represented by permutations in this context.

With respect to linear chromosomes, Aigner and West [3] adied the problem of sort-
ing a permutation, considering the operation of reinsertibthe first element in the sequence
of the permutation. The sorting diameter (the maximum disgsbetween two permutations)
in this case is1 — 1, wheren is the number of elements of the permutation. Kececioglu and
Sankoff [76, 78] had studied the problem of the reversabdist of unsigned linear permuta-
tions, and developed the first approximation algorithmtierproblem. Their algorithm runs in
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2/' \1, B. oleracea 5/’ \1 B. campestris
(@) 3 (cabbage) 4 2 (turnip)
\ s )
4 3
2~ S <R RS
(b) 3 2
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4 5 ! 2 3
1
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@3, © J5 s\ J3
T =

Figure 2.1: Examples of circular chromosomes of two speatfiptants. (a) The arrows indicate

the orientations of a species relative to the other. (b) &mxsmples show different represen-
tations of the same chromosome. (c) These examples showrtteecgromosome, considering
the two possible forms to view the gene blocks of a circulaogiosome. These two forms are
considered equivalent, and these two chromosomes areedtmom one another by reflection

relative to the axis shown in the figure.

O(n?) time and is guaranteed to use no more than two times the edwiissance. They also
developed efficient bounds, used on a branch-and-boundtalgothat solved to optimality or
almost optimality permutations ranging from 30 to 50 eleteeBafna and Pevzner [8] after-
wards introduced a new structure, theeakpoint graphof an initial permutation relative to a
target permutation, that allowed to set up a more preciserdwund to the reversal distance,
considering another parameter, based on a maximum altggraicle decomposition, denoted
by ¢(7). Based on that graph, they devised an approximation algornwith a performance
guarantee of /4, and introduced an approximation algorithm for signed peations with a
guarantee 0$/2.

Hannenhalli and Pevzner [64] introduced two new parametieesniumber of hurdlegh (7))
and an indicator of whether the breakpoint gréph fortress (f()). Together with the maxi-
mum number of cycles of the alternating cycles decompas(tior)) of the breakpoint graph,
these parameters allowed the authors to demonstihialdy theorem Based on this theorem,
they presented the first polinomial algorithm for the praoblef the reversal distance of the
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7S
3& }5
2 s / ...................... .
4 \} Reversed regior
/5
.
Cuts 5{

Figure 2.2: This example shows the two possibilities forersal in a circular chromosome,
given two cuts.

2‘/» < A
f5 U s
T =z
B. oleracea
(cabbage) ¢
>~ 3
<7
3

B. campestris
(turnip)

Figure 2.3: This example shows a series of reversals thaftytemsB. oleracegcabbage) into
B. campestrigturnip).
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signed linear permutations, with time complexityn*). Berman and Hannenhalli [13] intro-
duced new data structures on that algorithm and loweredaimplexity toO (n?«a(n)). Finally,
Kaplan, Shamir and Tarjan [73], based on the HannenhalliRewtner theory, and using part
of the Berman and Hannenhalli algorithm, showed a new alyorivith O (n?) complexity. We
will call this last oneKST algorithm

With respect to circular chromosomes, Watterson and otiéioss [123] showed an algo-
rithm, very simple, to find out the reversal distance of deicpermutations, establishing a lower
bound(number of breakpoints/2), and an upper bouna ¢ 2) for the reversal distance. They
presented also a stochastic algorithm for the problem. #egki and Sankoff [77] presented
an exact branch-and-bound algorithm for the problem ofrealadistance of signed circular
permutations. This algorithm, using simple methods to firedlbwer and upper bounds, found
extremely precise values for the reversal distance in akegperiments. The authors reported
that they did not know reasons to justify the proximity ofgadimits. Now we know that the
Hannenhalli and Pevzner theory justifies these resultaused(7) and f(7) are small for
random permutations.

In this paper we present a formalism for circular chromosoared for reversals acting on
them. As a consequence we show polinomial algorithms foptbblem of reversal distance of
signed circular chromosomes. These algorithms are bastedheory for the linear problem
given by Hannenhalli and Pevzner [64]. Besides, we caleuls reversal diameter for linear
and circular chromosomes.

In Section 2 we first formalize a circular chromosome by aniedence class, and next
we show that there is an isomorphism between reversalsgaatircircular chromosomes and
reversals acting on linear chromosomes. This result al®® compute the reversal distance of
signed circular chromosomes by computing the reversamist of signed linear chromosomes
with one less gene. In Section 3 we show some results comgethe reversal distances of
signed circular and linear permutations of the same siz8ebition 4 we calculate the reversal
diameter of signed linear and circular permutations. Rm#ie last section brings conclusions
of this work and indicates some future directions.

2.2 A formalization for the problem

2.2.1 Linear Chromosomes

We begin by presenting a brief overview of some importaniltesabout signed linear chromo-
somes, due mainly to Bafna and Pevzner [8] and HannenhdllPauzner [64]. A signed linear
chromosome is represented by a signed permutaticsigred permutatiors an ordinary per-
mutation, except that each element has positiear negative {) sign, indicating the relative
orientation of the block. In this casereversalp of the interval[i, j] is denoted by(i, j) and
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we have
o(t,7) - m=(m1... T ATTj_1 .. T TiTj41 - - - Tn)
whereT, indicates the inversion of the sign of.

The problem of the reversal distance of signed linear chemmm®s is commonly formalized
as follows. Given two permutations and o modeling two signed linear chromosomes, the
reversal distance probleraf 7 ando is to find a series of reversals, oo, ..., o; such that
0+ 01" ... 0001w = o andtis minimum. We call thereversal distance ofr and o,
denoted byi(r, o).

The algorithms of Bafna and Pevzner [8] and of HannenhatliRevzner [64] are based on
a structure calletbreakpoint graph This graph is constructed fromando as follows. Each
one of the signed integers is represented by an arrow, friintoleaght when the sign is-, and
from right to left when the sign is-. The initial and final points of these arrows are the vertices
of this graph. Besides, we add two reference points, one @tethof the sequence (labelled
by L) and the other on its right (labelled &). After that, we puteality edges joining extreme
points of adjacent arrows in, anddesireedges joining extreme points of adjacent arrows.in
Important properties of this graph are:

1. The resulting graph is formed by a collection of even cycWhenr = ¢, the number
of these cycles gets its maximum valuet 1. For two different permutations, there are
less tham + 1 cycles.

2. Each reality edge from a cycle whose size is larger theepresents areakpointin the
permutation, that is, a point where a reversal will have taraorder to transformr into
o. When two vertices belong to a cycle of sizdhat is, are joined by two parallel edges,
exactly one reality and one desire edge, we sayttieat is nota break in that position.

From this graph we can compute three parameters that alltevassnpute the reversal distance
of 7 ando: the number of cycleg(r, o), the number of hurdle(, o) and a parametef(r, o)
indicating whether the graph is a fortress, where this lakteszcan be equal tbor 0 only. The
reversal distance is then given by:

dimr,0) =n+1—c(m,0)+ h(m, o)+ f(m,0).

We refer the readers to the important works [64, 13, 73] onéaimtrodutory text of Setubal
and Meidanis [106] for a more detailed explanation on thesameters. We will not need
details on hurdles and fortresses until Section 2.4, wheraill review these concepts.

2.2.2 Circular Chromosomes

Now we give a formalization of a circular chromosome by aniemjance class.
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(+1-5+4-3+2)(+2+1-5+4 -3)(-3 +2 +1 -5 +4) (+4 -3 +2 +1 -5) (-5 +4 -3 +2 4

Figure 2.4: In a circular chromosome we can choose each otteeaenes block as the first
one. Then, all of these sequences are considered equivalehthey represent the circular
chromosome oB. oleraceashown in the Figure 1 (a).

Koo oF

22 <4 - <X

N X
— ~
4 4
(+1-5+4-3+2) (-2+3-4+5-1)

Figure 2.5: In a circular chromosome two sequences wherebtieem is obtained from the
other by reflection are considered equivalent. The cirachiamosome representedBsoler-
aceashown in Figure 1 (a).

Intuitively, a circular chromosome is a circular arrangemef signed blocks (see Fig-
ure 2.1). Ablock of genes of the chromosome will be modelled by a signed integbe
sign “+” indicates an arrow in clockwise direction in Figure 2.1ddhe sign “-” indicates an
arrow in counterclockwise direction. Given amitial block, we can represent a circular chro-
mosome by a sequence as follows. Through convention, we/alkgad the blocks in clockwise
direction. Walk around the chromosome in clockwise dittbeginning at the initial block,
and write down the signed integers corresponding to thekbltmund. Theng = (m7y ... m,)
will denote the circular chromosome, withblocks of genes. As an example, the chromosome
of B. oleraceaof Figure 2.1a can be represented by the sequente-5 +4 —3 +2).

We can choose each one of the blocks as the first one, anddresigé can have many
different sequences representing the same chromosomd-igaee 2.4). All of these se-
guences are considered equivalent. Besides, two sequemeaes one of them is obtained
by the other by reflection are considered equivalent, andaitiqularrm = (mymy ... 7,) and
s-m = (T,Tn1...To71) are considered equivalent sequences (see Figure 2.5).

This way, a sequence modeling a circular chromosome is ageptative of an equivalence
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class in the set of all sequences. Below we definedtegion and thereflectionoperations, that
will formalize the two characteristics described aboveonfrithese operations we will define
an equivalence relation between two sequences, and aragEnoe class that will represent a
circular chromosome.

We will call S, the set of all possible sequences of distinct signed insegenere each
sequence has size These integers must belong to the intefvak|. Observe thafts,,| = 2"n!.
Let us taker = (mm,...7,), a sequence of,. We will define two types of operations acting
in 7 as follows:

¢ Rotations We will denote byr the basic rotation that moves the permutation elements
one position to the left:
rem = (Toms ... Tpm).

We will definer? for everyi € Z in the usual way:r* is the composition of- i times
for i > 0 andr~ is the inverse of*. Besides;' is the identity. We have the following
important relations:

r™ =10 or more generally;’ =7 if i =5 (mod n)foralli,j e Z.
rird = r*iforalli,j € Z.
The operations® are calledotations

e ReflectionsWe will denote bys the basic reflection that inverses the order of the permu-
tation and also the signs. So,

ST = (fnfnfl .. .7271).

We will define s for all i € Z as follows: s is the composition of ¢ times fori > 0
ands~! is the inverse of’. Note thats~* = s'. Besidess® is the identity. We have the
following important relations:

s? = s°, ormore generally’ = s’ if i = j (mod 2) foralli,;j € Z.
s'sl = sttiforalli,j € Z.

We can apply- ands to a sequence, using the above definitions. Then,= r(s7) =
r(TnTn_t-.-T2T1) = (Tn_1Tn_o ... ToT1Tp)-
We have the following relation:

rs=sr L. (2.1)

Generically, the operations are calledreflections Each reflection is equal to its own
inverse.
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Now we will define an equivalence relation between two seqgegnand-.

Definition 2.2.1 Given two sequencesand-y, we define
T~y
if and only if there are, j € Z such thaty = r's’ - .

The above relation is an equivalence relation. The proohis tesult is simple. Equa-
tion (2.1) can be used in this proof.

From this equivalence relation, we can define an equivalelass of the sequence de-
noted by[r], which represents a signed circular chromosome, as follows

(7] = {7 € Sulm ~ 7}

This formalization is interesting biologically, becausaloes not fix the first element of
the sequence, and then each one of the genes block can besthé fs sufficient to apply
rotation. Besides, two sequences where one of them is @ot&iom the other by reflection can
be produced applying theoperator.

2.2.3 Circular Reversals

We model now how a reversal will act in a cladsepresenting a circular chromosome. First
we note that there are two possibilities for a reversal gatin a circular chromosome, given
the two points where the cuts have occurred (see Figure 2.6).

Suppose the two cuts occur betweéenl, : andj, ;& 1, with1 < i < 5 < n. Here© and®
are the usual operations of subtraction and addition, otispéy, except that we take the result
modulon and choose: rather than zero as the representative of the class of radtgn. We
will assume that these cuts are distinct, therefofe(; @ 1).

Also if we choose andj such that > j, we can changéand; without problems because
both are just pointers to the cuts.

Then we have the following lemma.

Lemma 2.2.1 Given a sequence from an equivalence clas$ which models a circular chro-

mosome, and two integerandj with1 < ¢ < j < nandi # (j®1) such that these cuts occur
between © 1,7, andj, j & 1, the sequences resulting from the two possible ways ofgexger

the circular chromosome between these cuts belong to the sguivalence class.
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Figure 2.6: This figure shows that the two circular chromosemesulting from the reversal
are represented by two sequences that belong to the samaleque class. Note that the
arrow, before the reversion, indicates the first block ofsiaguence chosen from the equivalence
class which represents the circular chromosome. The poofithe chromosome suffering the
reversal can include or not the arrow. (a) In this case, thersal does not include the arrow.
The sequence resulting from the reversal is shown. (b) Indhse, the reversal includes the
arrow. We can apply reflection and rotation in the sequermdtieg from the reversal in order
to obtain the same sequence as in case (a). The sequendéagdsam each operation are
shown.

Proof:

We will denote byP and@ the two possible ways of reversing the circular chromosa@ee (
Figure 2.6). Taking sequenee= (m; ... _17;... 7741 ... m,) from classA, and applying
P on A we have

P [(71'1 ...7TZ'_17T'Z'...7Tj7Tj+1...7Tn)] == [(Wl---ﬂi—lfj---ﬁiﬂ'j—i—l---ﬂ'n)]

Applying Q on A we have

Q- [(m...mam. .. mmig1 ... mp)| = (T .. T T .. . To)]
But applyingr—! ands on (my ... m 17 .. . Timj41 - . . T,) We have

7’_15 . (7'('1 . Wi—lﬁj .. -ﬁiﬂ'j—i—l . 7T'n) = (ﬁlﬁn .. -ﬁj—l—lﬂ-i . Wjﬁi—l . fg)
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[M]={(+1-5+4 -3 +2) (-5 +4 -3 +2 +1) (+4 -3 +2 +1 -5)
(-3 +2 +1 -5 +4) (+2 +1 -5 +4 -3)
(-2 +3 =4 +5 -1) (+3 =4 +5 -1 -2) (-4 +5 -1 -2 +3)
(+5-1-2+3-4) (-1 -2 +3 -4 +5)}

can([r]) = (+1 -5 +4 -3 +2)

Figure 2.7: Example of an equivalence clasisand its canonical representatiwen([r]).

So
[P - Al =[Q - A]
|

Now we can enunciate the problem of finding the minimal nundfeeversals acting on
circular chromosomes with known relative orientations.

Given two equivalence classdsand B, representing two circular chromosomes with known
relative orientations, thproblem of reversal distance of signed circular chromosonis to
find a series of reversalg,, I, ..., P, suchthatP, - P,_, - ... - P, - P, - A = Bandu is
minimum. We call: thereversal distanceof A andB, denoted byi°(A, B).

2.2.4 Relating Circular Chromosomes to Linear Chromosomes

In the formalization of circular chromosomes, we would likeise some results from the linear
case. A linear reversal(i, j) acts as described in Section 2.2.1. It would be tempting fioele
a corresponding circular reverséli, j) by

0°(1,5) - [v] = [o(é, j) - 7]
However this definition does not make sense, because diffelmices of sequencesinside
an equivalence clas$ lead to non-equivalent right-hand members. So, it will r@plermitted
a random choice of the sequencediin which the reversal will act.

We will define acanonical representativef A, denoted by.an(A), with the characteristics
of having thel block fixed as the first element of the sequence, and with-tbeentation (see
Figure 2.7).

Note that each equivalence class has a unique canonicabmpative. For the formalism, a

reversal will be applied only in the canonical represeméatrhus, given a linear reversgli, ;)
with 1 < i < j < n, we define a circular reversal(i, j) by the formula
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Qc(iaj) A= [Q(laj) : CGTL(A)]

Notice that the casé, j) = (1,n) is excluded from consideration as mentioned in Sec-
tion 2.2.3.

The next theorem tells us that every circular reversal ishefform o¢(i, j) for somes, j.
Moreover, we can always choose the indices fota n.

Theorem 2.2.1 For any circular reversalP, there are integersandj with2 < i < j < n such
that
P-A=Jo(i,j) - can(A)].

Proof: A circular reversaP must be applied only in the canonical representative of toeva-
lence classi representing the circular chromosome. There are two pedsitms for a reversal
acting on any sequence df but both of them produce sequences that belong to the same eq
alence class (Lemma 2.2.1). As we can choose any of theses fwenwill pick the form not
includingm; = +1. This wayP - A will produce a sequence which is also a canonical represen-
tative. In other words, the canonical representative ofetlpgivalence class which models the
circular chromosome before the reversal is carried to ariaabrepresentative of the equiva-
lence class which represents the circular chromosomethéieeversal. In this case, in terms of
the linear representation, the reversal acts in the caabrépresentative like a linear reversal
o(i,7). Then,

o(t,) - (Flmg...my..mj...my) = (Flmg. . Ty ... Ty)

with 2 < ¢ < j < n. This comes from the definition of linear reversal. As théatigequence is
canonical we have
o(i, ) - can(A) = can(P - A)

from where
lo(i, ) - can(A)] = [can(P - A)] = P+ A,

[ |
We will see now that there is an isomorphism between rev@esding on circular chromo-
somes and reversals acting on linear chromosomes. To grsyeve will initially define two
bijections. Recall that,, is the set of all signed linear permutationsoelements. LeRk, be
the set of all linear reversals enelements, and?, R the analogous sets for the circular case.
Define
w: S — S

so that
¢(A) = takecan(A), remove+ 1, subtractl from the others
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and
0 : RTCZ — Rn,1
so that
0(P) =o(i—1,7—-1)
whereP = 0°(7,7),2 <i < j <n.
We enunciate the result.
Theorem 2.2.2 Given the two bijectiong andf defined above, we have
p(P-A)=0(P)-p(A)

Proof:
First we have

o(P - A) = takecan(P - A), remove+ 1, subtractl from the others
Let (by Theorem 2.2.1p = ¢°(4, j), with2 < i < j < n, andA = [r], wherer; = +1. Then,
o(P - A) = takeo(i, j) - 7, remove+ 1, subtractl from the others
On the other side, sinean(A) = 7, we have
p(A) = taker, remove+ 1, subtractl from the others

and
O(P) = o(i = 1,7 - 1)
Then we have the result, becaudgé’) will act on the same elements a8, ;).

Note that] S¢ |=| S,_1 |= 2" '(n — 1)l and| R¢ |=| R._1 |= ((n — 1)n)/2.
From Theorem 2.2.2 we have immediately.

Corollary 2.2.1 Given any two classed4 and B modeling two circular chromosomes, and the
bijection ¢ defined above,
d°(A, B) = d(p(A), ¢(B))

From Corollary 2.2.1 we can derive an algorithm to the probtd signed circular chro-
mosomes. Basically it consists in running any algorithnviegl the problem of signed linear
chromosomes, taking as inputs two permutations, obtanoed &pplying the bijectiop in the
two classes representing the circular chromosomes.

In particular, if we take the KST algorithm, the complexitfytbe algorithm isO(n?) (to
find out the input sequences coétén) and the KST algorithm has complexiy(n?)), where
n is the number of genes blocks of the circular chromosomes.

We can also obtain the circular reversals used, just apphtyia inverse of) on each step
of the algorithm for the linear chromosome. It does not affee complexity of the above
algorithm because it take&3(1).
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2.3 Relating circular chromosomes to linear chromosomes of
the same size

In the previous section we saw that there is a distance ptiagarorrespondence between circu-
lar chromosomes and linear chromosomes of size one unitestridere we will derive similar
results for circular and linear chromosomes of the same size

First of all, we would like to know what is the relation betwe&r, o) andd(|x], [0]) for
anym ando. As we will see in Theorem 2.3.1¢([n], [0]) < d(m,0). Before this, we need
three technical lemmas.

Lemma 2.3.1 Given two linear permutations andr, such thatr = ¢ - 7 whereq = r or s,
then for every reversal there is a reversab’ such thato - 7 ~ ¢’ - 0.

Proof:
Letm = (my...m,).
We have two possibilities fay.

e Supposer =r - = (mems ... m,mp) andoe = (i, j) so that
Q(Z,j) I (71'1 .. .Wiflﬁj .. .fﬂl’j+1 .. .7Tn)
We have three cases.

1i=1,j=mn

o(l,n) -m=(T,...T)

In this casep = s. Takey' = s also. We have
0O-T=8§T~T~O~S-0C=0 0
2.1 =1,j < n:Inthis case

Q(laj) ‘M= (fj c T T - .ﬂ'n).
Then:
o(j,n—1) -0 = (moms ... T 17Ty ... Tj4171)

S Q(]an - 1) 0 = (7171']41 ce TR T .7372)

rn*j+1 .5 - Q(]; n — ]_) Lo = (f] . ,737271Wj+1 .. 7Tn)

n—j+1 | 5 -

Q(].,j)'?T:T Q(],?’L—].)O'

Therefore, taking' = o(j,n — 1) we have

o-m~ g 0.



2.3. Relating circular chromosomes to linear chromosorhdseassame size 27

3. i>1,j <n:Inthis case
Q(Z,]) T = (71-1---ﬂi—lﬁj---ﬁiﬂj—l—l---ﬂ-n)-

Then:
o(t—1,7—1) 0= (mems... Tj... TG ... M)

rtoo(i—1,j—1) 0= (mmms ... M 1T ... T ..Ty)

bo(i-1,j-1) -0

o(i,j) -m=r"
Therefore, taking’ = o(i — 1,7 — 1) we have
o-m~ g o

e Supposer = s = (T, ...71) ande = (i, j) so that

Q(Z,j) I (71'1 .. .’ﬁzplﬁj .. .ﬁiﬂj+1 .. .7Tn)

Then:

Q(n+1—j,n+1—i)-a:(ﬁn...fj+17ri...7rjfi_1...71)
S-Q(n—}—l—j,n—}—l—i)-a:(7r1...Wi,lﬁj...fmjﬂ...wn)
olirj)-m=s-on+1—jn+1—i)-o

Therefore, taking’ = o(n +1 — j,n+ 1 — i), we have

o-m~ o 0.
|

Lemma 2.3.2 Given two linear permutations and o, such thatr ~ ¢ then for every reversal
othere is areversa}’ suchthato- 7 ~ ¢ - 0.

Proof:
Takeo =q, - qy—1 ... q -7, Wherev > 0,andg; = rors,forl <i <w.

This proof will be made by induction on

e v = 0: just makey = p
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e v > (: Take
UIZle'---'(Il'?T

Givenp, we want to obtairny’ such that
/
Q ST A Q -0
By the induction hypothesis, we have
Q ST~ Q” N O_I
But, o = ¢, - ¢’ and then, using Lemma 2.3.1, thergisuch that
Q" . O_I ~ Q, .o

Then,
Q"/TNQ,'O—

Lemma 2.3.3 Given a permutatiom and a reversab, then
lo-m] =P [x]
whereP = I, the identity transformation, oP is a circular reversal.

Proof:
Let o be the canonical representativeof:

7~ o = can([n])
Lemma 2.3.2 says that giverthere isp’ such that
o-m~g o,

hence
lo-7]=[d" - 0]
But o' = o(7,7) with 1 < i < j < n. Then we have two cases:

1l.i=jo1. Then, o/ = sand

so P = I works in this case.
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2. 1# j @ 1. Because is canonical,
henceP = (i, j) works in this case.

[
Now we show that there are fewer reversals in the circulas t@n in the linear case when
both chromosomes have the same size.

Theorem 2.3.1 Given any two permutationsando,
d(m,0) > d*([x], [0])

Proof:
Taket = d(m,0). Then,

Ot 0t—1"-.." 01 T =0
[Qt'th'---'Ql'W]:[U]

Using Lemma 2.3.3 we have
P -P ... P [r]=]0]
whereP/ is either a circular reversal or the identity. Then,
d([n], [o]) < t = d(m,0)

[ |

We note that it is not true thak(w, o) = d°([r], [¢]), for anyx ando. It is enough to take
7= (-2+3+1)ando = (+1 + 2 + 3). We haved*([r], [¢]) = 1 becausel®([n],[0]) =
d(can([r]), can([o])) = 1, wherecan([r]) = (+1 — 2 + 3). Butd(m,0) = 3. To make this
computation, it is sufficient to construct the breakpoirggrs ofr ando, and use the formula
presented by Hannenhalli and Pevzner [64].

Following we demonstrate another theorem that solves thiglgmm of reversal distance for
signed circular chromosomes.

Theorem 2.3.2 Given two circular chromosomes represented by clasisasd B we have

d°(A, B) = d(can(A), can(B))
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Proof:
First we will show that

d°(A, B) < d(can(A), can(B))

By Theorem 2.3.1 we know tha{w, o) > d¢([n], [o]). In particular, takingr = can(A)
ando = can(B), we immediately have the result.
Secondly, we will show that

d°(A, B) > d(can(A), can(B))

To solve the problem of the reversal distance of signed leirahromosome, we use rever-
sals in the interval2, n], that act always in the canonical representative sequé&masidering
the linear chromosomeun(A), initially, 7; = +1 is in its correct position, and this is not modi-
fied throughout the process. Thus, these reversals supplyes ©f reversals for the linear case
too.

|

From Theorem 2.3.2 we can derive another algorithm for tlodlpm of signed circular
chromosomes that consists in running any algorithm solthegroblem of signed linear chro-
mosomes giving as input the canonical representativelsarfd B.

Let us take the two input permutationsand 3, where« is a permutation of thel class
which represents one of the circular chromosomes,aadgermutation of thé3 class which
represents the other circular chromosome. The canonjmasentatives are obtained traversing
the two permutations andg finding the positiork of the 1 block. If it has sign+ we just apply
r¥=1 and if it has sign- we applyr*—" followed by s.

In particular, if we take the KST algorithm, the complexifytioe algorithm isO(n?) (to find
out the canonical representatives cadts:) and the KST algorithm has complexi€y(n?)),
wheren is the number of gene blocks of the circular chromosomes.

Finally we prove a theorem that allow us to say that the caramepresentatives of the
classes modeling the circular chromosomes provide a mmimlistance, among all permuta-
tions belonging to those two classes.

Theorem 2.3.3 Given any two classe4 and B modeling circular chromosomes, we have

d(can(A), can(B)) = min {d(m,0)}.
c€EB
Proof:
To begin with, notice that we havé(A, B) = d(can(A), can(B)) (from Theorem 2.3.2).
From Theorem 2.3.1, we have each valiie, o) greater than or equal i ([r], [0]).
[
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A question arises here. Which sequences, from the two deuas@ classes modeling the
circular chromosomes, lead to a minimum reversal distan€e#t results showed that the
canonical representatives from the classes certainly dd.tH&y are not the only ones. An
example found in an article of Palmer and co-authors [10a@]rit have the characteristics
of our canonical representatives, but led to a minimum dita The sequences in that case
were(—-8 -7 -6 -5 -4 -3 -2 -1 —11 —10 —9C —9B —94) and
(<4 +3 -2 4+8 +7 -1 -5 —6 —11 +10 +94 —9B +9C). If we call optimal
representativesf two classes modeling circular chromosomes, two pernautstone for each
class, that lead to a minimum reversal distance, we wouddtbkknow how to characterize this
set of optimal representatives.

From the above results, it can be shown that Corollary 2 2diTdheorem 2.3.2 are equiva-
lent, in the following sense:

Theorem 2.3.4 Given two classed and B modeling two linear chromosomes and the bijection
¢ defined above, then
d(p(A), p(B)) = d(can(A), can(B))

2.4 The reversal diameter of signed chromosomes

The circular reversal diameter, denoted byD¢(n), of the equivalence classes 6, with
respect to the circular reversal distance, is the maximwtadce between two equivalence
classes. Similarly, thinear reversal diameter, denoted byD(n), of then element permuta-
tions of the seb,,, with respect to the linear reversal distance, is the mamirdistance between
two permutations. We show now that the reversal diametesigpred linear and circular chro-
mosomes are respectively+ 1 andn (except in a few cases). This corrects a statement from
Kececioglu and Sankoff [77] that said that- 2 < D(n) < n — 1.

Now we need some definitions and facts about hurdles an@$ses, as mentioned earlier.
A cycle C'is bad when for any reversal acting on two reality edges @f we have

c(m,0) =c(o-m,o0).

Otherwise, the cycle igood

Two cycles ardnterleaving when there are two desire edges, one from each cycle, that
cross. A cycleC is containedin another cycleD whenC and D are not interleaving and' is
contained in at least one desire edgeof

The following facts will be important in this section:

e If a bad cycleC' does not interleave with and does not contain any other cyloén C
forms ahurdle just by itself. We should point out that these are not the dyes of
hurdles that can exist in a breakpoint graph, but this wilic& for our purposes.
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e In afortress there is at least one cycle that does not belong to a hurdlainAgie point
out that this condition is not sufficient to define fortresses

Theorem 2.4.1 The reversal diameter of linear chromosomes is

D(n) = max {d(m,0)} =

n fn=10orn=3
n+ 1 otherwise

Proof:

We will show two sequences;,, ando,, that gived(r,,0,) = n + 1, for eachn. The
construction depends onbeing even or odd. All the integers will havesign in our examples,
so we omit them in the proof.

e Forn even,n > 2, consider
T, =(214365...n—4n—-55n—-2n—-3nn-—1)

and
op=1,=(1234 ... n—1n)

The breakpoint graph for, with respect ta,, is formed by exactly one cycle, of size
n + 1, involving all labels. This is a bad cycle and therefore adkeir Figure 2.8 shows
examples of breakpoint graphs for= 2 and4 with respect ta,,.

In this case, using the Hannenhalli and Pevzner formulg f# by construction of the
breakpoint grapld/(r,, 0,,) of the sequence,, with respect to,,,

d(Tp,tn) =Mn+1) — 1+ 1+ 0=n+1

e Fornodd,n =2-k+1withk >0

Initially we observe that fon = 1 we have just two permutations with distariceetween
them, saD(1) = 1.

Forn = 3 we have from a theorem of Kececioglu and Sankoff [77] thatgheedy
algorithm sorts any permutationwith at least one negative element in at most 1
steps. Then, only the permutations with all elements p@siire candidates to have
D(n) = n + 1. Using this fact and constructing the breakpoint graphsafopossible
sequences with all their elements positivefior 3, we conclude thad (s, t3) < 3. On
the other handy; = (3 2 1) andis = (1 2 3) gived(ns, t3) = 3, S0D(3) = 3.

Now we will present sequences such thati(r,, +,) = n + 1 for the other cases of
odd,n = 2.k + 1 with £ > 2, thatis,n > 5. We consider now theemainder between
n + 1 and3. We have three cases:
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ﬁ%“ -
L -2 +2 -1 +1 R
2 1 4 3
L -2 +2 -1 +1 -4 +4 -3 +3 R

Figure 2.8: The breakpoint graph for= 2 e 4 with respect ta,,.

— remainder = 0: Consider the sequence
(213546879 ---n—6n—7n—>5n—3n—4n—2nn-—1)

The breakpoint graph for,, with respect ta,, with n > 5 is formed by exactly

(n + 1)/3 cycles of size3, with n > 5, constructed one beside the other. These
are bad cycles and therefore hurdles. Figure 2.9 shows anpbeaf a breakpoint
graph forn = 5 with respect tas.

In this case, using Hannenhalli and Pevzner formula [64] ,gnconstruction of the
breakpoint grapltz(r,,, 0,,) of =, with respect ta,,,

d(Tpytn) =(n+1) = (n+1)/3 + (n+1)/3 + 0=n+1

— remainder = 1. Consider the sequence
(213546 ---n—15n—-13n—14n—-12n—-10n —11
n—9n—7n—8n—-5n—-6n—-4n—-2n—-3nn-—1)

The breakpoint graph for, with respect ta,, with n > 9 is formed by exactly
(n—9)/3 cycles of size3, and2 cycles of sizey, withn > 9, constructed one beside
the other. These are bad cycles, and therefore hurdles. Wehai the restriction

n > 9 does not eliminate any such that(n + 1) mod 3 = 1, becausex = 9 is
the first odd number satisfying > 5. Figure 2.9 shows an example of a breakpoint
graph forn = 9 with respect to,.
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(2 135 4

L -2 +2 -1 +1 3 43 5 4+ -4 +4 R

TR R

L -2 +2 -1 +1 -3 43 -5 +5 -4 +4 -7 +7-6 +6 R

213547 6)

21435769 8)

Wﬁm

+1 -4 +4 -3 +3 5 +5 -7 +7 -6 +6 -9 +9 -8 +&R

Figure 2.9: The breakpoint graphs for= 5, 7 and9 with respect ta,,.

In this case, using the Hannenhalli and Pevzner formula @4d by construction
of the breakpoint grapt'(r,,, o,,) of «,, with respect ta,,,

d(Tp,tn) =(n+1) = (n—=9)/3+2) + (n—9)/34+2) + 0=n+1
— remainder = 2. Consider the sequence
(213546 ---n—11n—-12n—-10n—-8n—-9n—-7n—5n—=6
n—4n—2n—-3nn-—1)

The breakpoint graph for,, with respect ta,, with n > 7 is formed by exactly

(n —4)/3 cycles of size3, and1 cycle of size5, with n > 7, constructed one beside
the other. These are bad cycles, and so hurdles. We notééheddtrictionn > 7
does not eliminate any such that(n + 1) mod 3 = 2, because: = 7 is the first
odd number satisfying > 5. Figure 2.9 shows an example of a breakpoint graph
for n = 7 with respect to;.

In this case, using the Hannenhalli and Pevner formula g4, by construction of
the breakpoint grap&'(r,,, o,,) of m,, with respect to,,,

d(mp,ty) =(n+1) — (n—=4)/3+1) + (n—4)/3+1) + 0=n+1
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Then, we proved thab(n) > n + 1. We yet have to prove thd?(n) < n + 2, to obtain the
wanted result.
We have, by the Hannenhalli and Pevner formula [64],

d(ﬂ-nv Ln) = (n + 1) - C(ﬂ'na Ln) + h(Trn; Ln) + f(ﬂ'n; Ln)

First, we havéy(m,,, t,,) < ¢(mp, L), by definition ofh (7, ¢,,). SO, if h(m,, ) = (T, tn),
then we havel(r,,t,) < (n + 1) + 1, that is,d(m,, t,) < n+ 2. Butif f(m,,¢,) = 1, then
necessarilyi(m,, t,) < ¢(mp, 1), and thend(m,,, v,) < n + 2.

This proves the linear case.

From the bijections defined earlier, we have the followirguie
Lemma 2.4.1

D¢(n) = D(n—1)

From this lemma, we have the following theorem showing theutar reversal diameter of
the equivalence classes 6.

Theorem 2.4.2 The reversal diameter of circular chromosomes is

c . n—1 ifn=1,n=20rn=4
Di(n) = max {d"(4, B)} :{ n otherwise

A€ Sg
B € S

2.5 Conclusions

In this work, we attempted to start a systematic study of ety of the reversal distance
problem for signed circular chromosomes. To do this, we ganee contributions, described as
follows. First we formalized circular chromosomes by ea@lewice classes. This is interesting
because it includes the different forms to visualize a gigoiecular chromosome, obtained
by rotations and reflections. We also defined circular ralerasing the known definitions
of linear reversals, which allowed to solve the reversalagise problem of signed circular
chromosomes by using polinomial algorithms that solve ¢iversal distance problem of signed
linear chromosome, giving as input suitable sequences frenequivalence classes. Besides,
we presented some results concerning the linear and aircifamosomes of the same size.
Finally, we determined the signed reversal diameter fazdinD(n) = n + 1) and circular
chromosomes{¢(n) = n), correcting a result of Kececioglu and Sankoff [77] on timear
reversal diameteD(n).

To finish, a question arising from these studies is which pgations from the equivalence
classes lead to a minimum reversal distance, that is, wednikel to know how to characterize
precisely the set of optimal representatives.
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Capitulo 3

Transposition Distance Between a
Permutation and its Reverse*

Jaao Meidanis
Maria Emilia M. T. Walter

Zanoni Dias

Abstract

In this note we solve an open question posed by Bafha and Bey2] regarding
chromosome distance with respect to transpositions: we shat the distance between
a permutation and its reverse (without complementationyni&| + 1, wheren is the
size of the permutations. We also present an algorithm topabenan optimal series of
transpositions.

*Trabalho apresentado ndV South American Workshop on String Processing(WSP’97), realizado na
cidade de Valparso, no Chile, em novembro de 1997.
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3.1 Introduction

The huge amount of data resulting from genome sequencingladdlar Biology is giving rise
to an increasing interest in the development of algorithanscbmparing genomes of related
species. Particularly these data prompted research oniongkevents acting on large portions
of the chromosomes. Such events can be used to compare gefmmeéhich the traditional
methods of comparing DNA sequences are not conclusive. €ltedriginated by the study of
large mutations on chromosomes is knowmgasome rearrangements

There are several mutational events affecting large fragsnef genomes of organisms,
including duplication, reversal, transposition (actingasingle chromosome), translocation,
fusion, and fission (involving more than one chromosomeghEsaich event or combination of
events gives rise to a theoretical problem of finding, given genomes, the shortest series of
events that transforms one genome into the other. We seaktntest series because it has the
largest likelihood of occurrence under a general prinagblparsimony. Notice that in general
more than one shortest series exists. The length of theestt@ries is called thdistance
between the two genomes.

Chromosomes are usually representegh@snutationsof integers in a given range, each
integer representing a gene. Sometimes the integers aredstg indicate the orientation of
the gene. However, when the gene orientations are unknowataelevant (as in the case of
transpositions), the integers are unsigned.

In the last few years we have withessed formidable advanaasiunderstanding of genome
rearrangements. A partial list of known results follows tWfespect to theeversalevent, Han-
nenhalli and Pevzner [64] presented the first polynomiaétadgorithm to find the distance,
later improved on its running time by Berman and Hannenld], and Kaplan, Shamir, and
Tarjan [73]. These results concern signed permutations.tiféounsigned case, also involv-
ing reversals, Caprara [18, 21] showed that finding the nigtas NP-hard. Hannenhalli and
Pevzner [62] studied a multichromosomal distance probtarsi§ned genomes involving rever-
sals, fusion, fission, and a specific form of translocatioogdpcing a polynomial time algorithm
in this case as well. Bafna and Pevzner [9] analyzed the @noklith respect to transpositions,
presenting several approximation algorithms, and leagingmber of open questions, among
them the complexity of the problem and the diameter (largessible distance between two
permutations of size). Gu, Peng, and Sudborough [56, 55] gave approximatiorrighgas for
the combination of events of reversal and transposition.

In this work we solve an open question posed by Bafna and Rey@h regarding chromo-
some distance with respect to transpositions: we showlieadistance between a permutation
and its reverse (without complementation)ig'2 | + 1, wheren is the size of the permutations.
Besides, we present an algorithm to compute an optimalssefiganspositions.
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3.2 Definitions

Chromosomes are representedd®rmutationsof integers in the range .. wheren is the
number of genes of interest in the chromosome. For instaice, 2 6 1 5) represents a
chromosome with six genes. thanspositions an operation that transforms a permutation into
another one, “cutting” a certain portion of the permutatéomd “pasting” it elsewhere in the
same permutation. A transpositipli, j, k) is defined by three integeis j, andk such that
1<i<ji<n+1,1<k<n+1,andk ¢ [i,j], in the following way. It “cuts” the portion
between positions andj — 1, including the extremes, and “pastes” it just before positi.
Thus, we can write

p(i, g, k) - (mmg . T T T Ty,) =

ifi<j<k, and

p(i, j, k) - (mmg . T Ty T Ty,) =

(7’['171'2 e Tp—1T e T AT e 1T .7Tn),

if £ <i < j. Notice thatp(i, j, k) = p(j, k, 1) wheni < j < k.
Given two permutations ando, thetransposition distancer justdistancebetween them
is the minimum number of transposition; . .. o; such that

Ot0t—1-..01 T = 0.

We denote such distance byr, o). Because the inverse of a transposition is also a transposi-
tion, we have thad(r, o) = d(o, 7).

A powerful tool for studying the transposition distancehis teality and desire diagramnf
two permutations. Suppose we want to complfte o). We construct this diagram writing the
origin permutationr in the following way. Replace each integeby a pair of points—:; and
+i, in this order, and add two extra points, one callédat the beginning of the sequence, and
one called—(n + 1) at the end of the sequence. Now draw orientsdity edges from-m; to
+0, from —m;;; to +m;, and from—(n + 1) to +,,. Finally, draw orientediesireedges from
+0 to —oy, from +o0; to —o;, 1, and from+o,, to —(n + 1).

The diagram has exactly+ 1 reality edges and the same number of desire edges. The idea
is that reality edges indicate the situation as it is now/|evtiesire edges indicate the situation
sought. When reality equals desire in all edges, we hawver andd = 0. Therefore, in a way,
our goal is to apply transpositions so that reality beconhesec to desire. Figure 3.1 shows the
diagram corresponding to a pair of permutations.

Bafna and Pevzner [9] made several useful results regatidéengeality and desire diagram.
One of them is that the diagram is composed of a number of €yeli¢h each cycle alternating
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m=(85143276)

(1234567 8)

QqQ
1

+0 -8 +8 -5 45 -1 +1 -4 +4 -3 +3 -2 +2 -7 +7 -6 +6 -9

Figure 3.1: Reality and desire diagram for two permutatierendo, as showed. In this figure,
reality edges are represented by thick lines and desiresdmigghin lines.

between reality and desire edges. Taegthof a cycle is the number of reality edges in it
(which is the same as the number of desire edges in it). Onertargt remark follows.

Lemma 3.2.1 The sum of the lengths of all cycles in any reality and desagrdm is always
equal ton + 1.

Moreover, a transposition can affect the number of cyclea wrery specific way, as the
following lemma shows [9]. Denot&r, o) the number of cycles in the diagramofindo.

Lemma 3.2.2 For any permutationg ando and any transposition we have
clo-mo)=c(mo)+uz,
wherex = —2, 0, or 2.

A transpositiorp is called a—2-move a 0-move or a2-moveaccording tar being—2, 0,
or 2 in the previous lemma. Sine¢o, o) = n + 1, the maximum possible, we would like to
perform 2-moves as much as possible.

If fact, a stronger statement can be made regarding the effadransposition on a diagram.
Denote byc,q4 (7, o) the number of cycles of odd length in the diagramr@indo.

Lemma 3.2.3 For any permutationg ando and any transposition we have
Codd(0* T,0) = Coqa(T,0) + 1,

wherez = —2, 0, or 2.
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From this lemma we have the following lower bound on the dista

Theorem 3.2.1 For any permutationg ando we have

(n+1) = Couq
2

Now we make some definitions used in the following sections.

First we show a way to represent a cycle by its reality edgesnivhber the reality edges of
the diagram assigning labé&lo a reality edge fromr;; to ;, with 0 < 7 < n, so we label them
from1ton + 1. Let us consider a cyclé' of sizek, taking the reality edges in the order they
appear in the cycldj,...,i). A cycleC can be represented inpossible ways, depending
on the choice of the first reality edge. We will consideamonical representative of a cyalg
taking the initial reality edge, as the rightmost edge @f in 7, that is,i; = max;<i<x 7. In
the diagram of Figure 3.1 we have three cycles, with canbrépaesentative€’; = (9,7, 5, 2),
Cy = (8,1,3) andC; = (6,4).

Let us consider now three reality edgey, » belonging to the same cycléin the diagram.
C forces an order om, y, z, and we have three possible representations of this ordemwiw
choose as theanonical representative of a tripler, y, z) the one starting from the rightmost
reality edgemax(x,y, z). A triple in the canonical order ison-orientedif = > y > = and
orientedif y < z < z. In the diagram of Figure 3.1 we have the following non-aéeltriples:
(9,7,5),(9,7,2), (9,5,2),and(7, 5, 2); and the oriented triplé3, 1, 3).

Finally, we say that a cycle w@rientedif it admits a2-move, anchon-orientedf there is no
possible2-moves acting on it. In the diagram of Figure 3.1 we hayeandC's non-oriented
and(C}, oriented.

d(m,o) >

3.3 Computing the transposition distance

Given the permutations = (nn—1n—-2 ... 21)and: = (12 ... n—2n—1n)we
want to compute the transposition distanke, ). Of course, this distance will be the same
for any pair consisting of a permutation and its reverse.ofér@ 3.3.1 below establishes that
d(m,t) =1if n=2andd(r,t) = {%J +1ifn>2.

However, in the proof of this theorem we need the followingihea, which can be easily
proved. Bafna and Pevzner [9] mention part of this resulbhértwork.

Lemma 3.3.1 LetC' be a cycle andz, y, z) a triple of C' in the canonical representation. Then
we have
(x,y, z) is oriented if and only ib(y, z, z) is a2-move

and
(x,y, z) is non-oriented if and only i6(y, z, z) is a0-move
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Now we will state and prove the main theorem.

Theorem 3.3.1Given the permutations = (nn—1n—-2 ... 21)ande = (12 ... n—
2n —1n), we have fom > 2

1 ifn=2
d(m, 1) =
2] +1 ifn>2

Proof: From the work of Bafna and Pevzner [9], given= (nn —1n—2 ... 2 1) we have

1 if nis even
Codd(ﬂ-a L) =
Oou?2 if nisodd

Applying the lower bound given by Theorem 3.2.1 #tr, ) we have

tD=l — n if y is even
1) —e¢, 2 2
d(r 1) > Wﬂfw _
2l ou2:t  if nis odd
Notice that in order to attain the lower bound every trangmrsused must increase the
number of odd cycles.
For m and. as defined earlier in this section Bafna and Pevzner [9] proke following

upper bound
“mﬁﬁ{ﬂ*ﬂ

foralln > 1.
We have two cases:

1. Whenn is odd:

e For the case ob odd cycles:

n+1 n
d > =|= 1
(1) 2 =5 bJ+
In that case, the lower bound is exactly equal to the uppendbcand therl(r, 1) =

2] +1.
e For the case df odd cycles:
amgz";1¢{a+4

and the gap is exactly. But here we have two non-oriented odd cycles. This
implies that the next move cannot increasg, and therefore we cannot reach the
lower bound.
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So, whem is odd thenwe havé(nn —1n—2 ... 21) = H + 1.

2. Whenn is even:
A1) > 5 EJ +1

and the gap is exactly. In this case, we have to prove that there is necessarilynagma
sition that will not increase,4; during any transposition sequence that transfornrgo
L.

The first transposition is either @move or a2-move. We cannot apply a2-move
because this first diagram is formed by just one cycle.

If we apply a0-move, the unique odd cycle is transformed into another gatec not
increasing:yqq -

So, we have to verify what happens if we appB~move. We will show that ang-move
gives rise to a diagram with all cycles non-oriented. Thil wiply the result as follows.
We have two possibilities. If the resulting diagram has o ©y/cle and two even cycles,
the first transposition did not increasg,. On the other hand, if we end up with three
odd cycles, the second transposition of the series canomase:,,;, because all three
cycles are non-oriented.

Let us now study what happens when the first transpositiorRisrve. From Lemma
3.3.1 we know that every 2-move corresponds to an orieniigé in the unique cycle of
the diagram. The order of reality edges in this cycle is shelt &ll even labels appear
together, in decreasing order, and all odd labels appeatheq also in decreasing order.
It follows that the possible 2-moves are of the fopfi, j, k) with i andj of opposite
parity, k of same parity ag andl <i < j <k <n-+1.

We now have to apply one such transposition and analyze shétireg diagram. Because
i < j < k,we have

o(i,j,k)-(nn—1n—-2...21) =
(n—=1...n—i+2 n—j+1...n—k+2
n—i+l...n—j+2 n—k+1...21).

Figure 3.2 shows examples of suzimoves.

The important fact here is that, because of the oppositéypairi; and &, and ofi and

7, the cycle involving reality edgén — i + 1,n — k + 2) is non-oriented. Likewise, the
cycle involving reality edgén — k + 1, n — j + 2) is non-oriented because of the opposite
parity of i and j (regardless of the parity of), and the cycle involving reality edge
(n—j+1,n—1i+2) is also non-oriented becaugandk have opposite parity (regardless
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@

+0 8 +8>-7 +7 -6 +6 -5 +5 -4 4 -3 +3 -2 ¥2 -1 +D0

(b)

p(3,4,5)- 1

P e

+0 8 +8 7 +7 -5 +5 6 +B6 -4 4 -3 ¥R +2° -1 %19

BN SN

+0 8 +8 4 +4 -3 +3 -2 +2 -7 +7 -6 +6 -5 +5 -1 +9

p(2,58). 1

p(1,8,9)- 1

O e e e Tk

+0°-1 +1° -8 +8°-7 +7 6 +6 -5 +5 -4 ¥4 -3 ¥3 -2 +D

Figure 3.2: This figure shows the diagram created by a stdeitreasing sequence with respect
to the identity, and the diagrams created by some posaibieves applied to the first diagram.
(a) The diagram created by the decreasing cycle- (8 7 6 5 4 3 2 1) with respect to

7 =(12345678). (b) The diagrams created by some transpositions appliedas
indicated.

of the parity ofi). Thus, in any case we end up with three non-oriented cyalbgh
proves the theorem.

3.4 An algorithm to computed(r, 7)

We show now an algorithm to compute the transposition digtdretween a strictly decreasing
sequence with respect to the identity. Note that the algorituns without using the reality and
desire diagram. Instead, it uses an explicit series of p@sisons that work in the case treated
in this article. As the series has length/2] + 1, the results in the previous section guarantee
that it is a shortest series.
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Algorithm

Input:n >2,r=(nn—-1...21)
Output:t = d(m, 7) andoy, 02, . - ., 0
begin

1. m « oi(1, [%1 NORES
2. t+1
3. if nis even then

t+—t+1

Ty o5, 5 +1,n+1)-m
k<1

p<+1

4. if nis odd then

k<« 0
p<+0

5. whilek < || do

t+—t+1
7rt<—th%J — k, {%J —k+2n+1—k+p) -m
k+—k+1

6. returnt, o1, 02,...,0:
end

The four initial steps create, from the initial permutatiamnew permutation with two de-
creasing subsequences on its left extremity, and an inogeasquence, on its right end.rlfis
even then we have

7Q:(g+1g.”3ﬂnn—1n.g+2)u2)

Note that the decreasing subsequences hgve- 1 elements each. We marked the subse-
guences with parenthesis.
If » is odd then we have

n—+1 n+1

m = ( 5 .32 )(nn—1... 5 +1)(1)

Analogously, in this case the first two subsequences alse[fjgv— 1 elements each.
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The loop in ste moves both the last element of first subsequence and thelémest of
second subsequence to the right end of the permutationewerother subsequences are being
increased as the algorithm runs. Generically, i even then we have, aftér— 1 iterations of

the loop,

7rk+1:(g+1 g o k+2)(n—k+1 ... g+2) (12 ...k4+1)(n—k+2...n).

If n is odd then we have, aftériterations,

+1 +1
“’““:(nz k2 (n—k .. o

+1) (12, k+1)(n—k+1 ... n).

So this algorithm correctly transforms the permutationtsninverse, using transpositions.

Also, the algorithm runs nth + 1 steps, fom > 2.
Figure 3.3 shows examples of this algorithm executionstierdecreasing sequences for

n = 6 andn = 7, with respect to the identity.

(@ 654321 (b 765 4321
L 4 S
432651 4327651

! |
436512 4365127
L L
451236 4512367
L 4 L 4
123456 1234567

Figure 3.3: This figure shows two executions of the algorittfa) Example withn even. (b)
Example withn odd.

3.5 Conclusions

We demonstrated that the transposition distance betweemaupation and its reverse (without
complementation) |%%J +1foralln > 2, wheren is the size of the permutation. We conjecture
that this is in fact the value of the transposition diameter.

We also presented an algorithm to find an optimal series dingptranspositions for the

case studied.
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Abstract

In recent years we are seeing increasing interest in rdsearmutational events acting
on large portions of the chromosomes. Among these everdggessalacts on a fragment of
a chromosome reversing the order and orientation of thesgemel aranspositionmoves
fragments from one region to another within a chromosomethikh article we analyze
genomes evolving by reversals and transpositions. Wemirapproximation algorithms to
compute the reversal and transposition distance for lipeanutations, and a lower bound
on the reversal and transposition diameter of signed lipeanutations.
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4.1 Introduction

The huge amount of data resulting from genome sequencingi@aular biology is giving rise
to an increasing interest in the development of algorithanscbmparing genomes of related
species. Particularly these data prompted research oriongbevents acting on large portions
of the chromosomes. Such events can be used to compare gefmmeéhich the traditional
alignment methods of comparing DNA sequences are not ceireluThe field originated by
the study of non-local mutations on chromosomes is knowgeasme rearrangements

There are several mutational events affecting large fragsnaf genomes of organisms, in-
cluding duplication, insertion, deletion, reversal, 8pasition (acting on a single chromosome),
translocation, fusion and fission (involving more than oheomosome). Each such event or
combination of events gives rise to a theoretical problerfinafing, given two genomes, the
shortest series of events that transforms one genome iatottier. We seek the shortest se-
ries because it has the largest likelihood of occurrencemuadieneral principle of parsimony.
Notice that in general more than one shortest series exitis.length of the shortest series is
called thedistancebetween the two genomes.

In this article we are working with genomes composed by alsiobgromosome. Chromo-
somes are usually representegpasmutationf integers in the range &..for a givenn, each
integer representing a gene or a genetic marker. Sometira@stegers are signed to indicate
the orientation of the gene. However, when gene orientataoe unknown, the integers are
unsigned.

In the last few years we have witnessed formidable advanaasiunderstanding of genome
rearrangements. A partial list of known results follows tWMfiespect to the reversal event, Ke-
cecioglu and Sankoff [78] presented the first algorithms@onputing the reversal distance be-
tween two unsigned linear chromosomes. Bafna and Pevzhienp8oved the Kececioglu and
Sankoff algorithm, for signed and unsigned linear pernmaomat Hannenhalli and Pevzner [64]
presented the first polynomial time algorithm to find the reskdistance of signed linear chro-
mosomes, later improved on its running time by Berman andniiahalli [13] and Kaplan,
Shamir and Tarjan [73]. Caprara, Lancia, and Ng [23] impletee a branch-and-bound al-
gorithm for computing the exact reversal distance betweenunsigned permutations which
performs very well in practice. Caprara [18, 21] later shdwet this problem is NP-hard.

Regarding the problem of reversal distance between twedigimcular permutations, Kece-
cioglu and Sankoff [77] gave an approximation algorithng deidanis, Walter and Dias [92,
95] gave a polynomial time algorithm for it. With respect teettransposition event, Bafna
and Pevzner [9] analyzed the transposition distance pmobkiween two unsigned linear chro-
mosomes, presenting several approximation algorithmsistéh[28] gave a polynomial time
algorithm for computing distance under a novel operatitoglbinterchange.

Analyzing genomes evolving due to different mutationalregerepresents today a great
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challenge. Hannenhalli and co-authors [61] analyzed gessoenolving by different events,

particularly reversals and transpositions. Hannenhalli Bevzner [62] presented a polyno-
mial time algorithm for comparing genomes evolving by reads, translocations, fusions and
fissions. Gu, Peng and Sudborough [56, 55] gave approximalgmrithms to compute the dis-

tance between two signed permutations, allowing threeatipais, reversal, transposition and
reversal+transposition simultaneously.

In this paper we want to contribute in the analysis of redsraad transpositions acting
on a single chromosome. The results of this work are as felloWve extend the analysis
of transpositions to signed permutations, and obtain amition algorithms for computing
the reversal and transposition distance for both signediasgjned permutations. Finally, we
present lower bound for the reversal and transposition efi@nof signed permutations, and
conclude.

4.2 Definitions

In this section we formalize the problem of computing theereal and transposition distance
of linear chromosomes.

We assume that the order of genes in a chromosome is reprddmnt permutation =
(71, m ... m,), Where eachr; is an integer in...n. If the gene orientations are known, eagh
is a signed integer.

A reversalis an operation that transforms a permutation into anotbeersing the order of
the genes on a certain portion of the permutation. A revetgaf) is defined by two integers
i,7, such thatt < i < j < n, reversing the order of the genes betweéamd, including the
extremes. Thus, we have

T(Z,]) . (7T1 e T AT T 1 e e T T e s 7Tn) =

(71'1 . .’frz',lﬁj .. '7i+17i7rj+1 .. .’[Fn)

whereT;, symbol means-r;, if the integer is signed, ar;, if the integer is not signed.

A transpositionis an operation transforming a permutation into anothertiieg” a certain
portion of the permutation and “pasting” it elsewhere inshene permutation. A transposition
t(4, j, k) is defined by three integeisj, andk suchthat <i<j<n+1,1 <k <n+1,and
k ¢ [i, 7], in the following way. It “cuts” the portion between positi® and;j — 1, including
the extremes, and “pastes” it just before positiod hus, we can write

t(i,j, k) . (7Tl---7Ti—17Ti---7Tj—17rj---7Tk—17rk---7Tn)

(7'('1 ...7Ti_17Tj...7Tk_17Ti...7Tj_17Tk...7Tn)
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ifi <j<k,and
t(i,j, k) . (7T1 ---7Tk—17rk---7Ti—17ri---7rj—17rj---7Tn)

(T4 oo ATy e T AT o o T T .. Ty

if £ <i < j. Notice thatt(i, j, k) = t(j, k,i) wheni < j < k.

Given two permutationg and o, we want to compute a shortest series of reversals and
transpositions that transformsnto o, that is, we want to fing, ps, . . ., p,, Wherep; is either
areversal or a transposition, such thatp,_1-...- p2 - p1 - ™ = o andu is minimum. We calk
thereversal and transposition distanceand denote it byi(r, o). Without loss of generality we
can fixo. Unless otherwise noted, all our developments will be doitle wbeing the identity
permutation, which i = (1...n) in the unsigned case amd= (+1... + n) in the signed
case.

In the following anoperation can be a reversal or a transposition.

We usually extend permutationby addingr, = 0 andr,,; = n + 1 in the unsigned case,
ormy = +0 andm,; = +(n + 1) in the signed case. The extended permutation will still be
denoted byr.

A breakpoint of a permutationr is a pairz = (m;,m1) such that neither norz =
(Ti1,7;) are of the form(o;, 0;11) for somej such thad < j < n. Therefore, to reach from
7, we must have at least one operation “separatingindr; ;. Breakpoints are indicated by a
bullet () betweenr; andr;; (see Figure 4.1). We denote bir, o) the number of breakpoints
of m with respect ta.

Breakpoints divide a permutation ingtrips. If the target permutation is the identity,
strips are always sequences of consecutive integers. lartkigned case, a strip can be ei-
ther increasing or decreasing as a sequence of integersyamdll call them accordingly as
increasing stripsor decreasing strips In the signed case, all strips are increasing, but we sep-
arate them int@ositive or negativestrips, according to the sign of their elements (all element
in a strip must have the same sign).

0 e> o1 2 ¢4 e¢7 6 3 ¢9 &8 e10

Figure 4.1: Strips and breakpoints of a permutatios= ( 0 5124 7 6 3 9 8 10 ) with
respecttar = (012345678910 ). Strips are the sequences between two consecutive
breakpoints.

A powerful tool for studying the reversal and transpositilistance is theeality and desire
diagram of two permutations. In the literature [8, 64, 13] this isledlthebreakpoint graptof
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two permutations, but we prefer to call it a diagram becatssgraph structure alone does not
capture all the important information: the order of node®isvant too.

The rest of this section refers to signed permutations &kig/construct this diagram writing
the original permutatiom in the following way. Replace each integeby a pair of points—i
and+, in this order. For instance;4 is replaced by-4 and+4; —8 is replaced by-8 and—8.
Add two extra points, one calleg0 at the beginning of the sequence, and one called+ 1) at
the end of the sequence. Now dreamlity edges between( and—r, betweent-r; and—m; 1,
and between-r,, and—(n + 1). Finally, drawdesireedges betwee#(0 and—o;, betweento;
and—o;,1, and between-o,, and—(n + 1). Again, in the literature, reality edges are called
black edgesnd desire edges are callgchy edges We prefer the denominations reality and
desire because they are more informative: reality edges tefthe current permutation and
desire edges refer to the target permutation.

The diagram has exactly+ 1 reality edges and the same number of desire edges. The idea
is that reality edges indicate the situation as it is now/evtiesire edges indicate the situation
sought. When reality equals desire in all edges, we have ¢ andd = 0. Therefore, our
goal is to apply reversals and transpositions so that yelasitomes desire. Figure 4.2 shows
the diagram corresponding to a pair of permutations. We teégoypG (7, o) the diagram of the
permutationsr ando.

A [
0 +5-5-1 41-2 +2-4 +4+47-7 +6-6 -3 +3-9 +9-8 +8-10

Figure 4.2: Reality and desire diagram for two permutatians (-5 +1 +2 +4 —7 —
6 +3 +9 +8 ando = (+1 +2 +3 +4 +5 +6 +7 +8 +9 + 10). The value of
¢(m, o) is 3in this case.

Observe that the diagram is composed of a number of cycléls,each cycle alternating
between reality and desire edges. Taegth of a cycle is the number of reality edges in it
(which is the same as the number of desire edges in it). Wealetilbte byk-cyclea cycle with
length k. The decomposition of7(r, o) into cycles is unique and we denote byr, o) the
number of the cycles it¥ (7, o).

4.3 Approximation algorithms

We present now approximation algorithms for computing #8wersal and transposition distance
of two permutations. We will give a-approximation algorithm for the unsigned case arxd a
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approximation algorithm for the signed case.

Let us begin with the unsigned case. Note that the only pextiout havingd breakpoints
with respect t@ is exactlyo, and then the sequence of reversals and transpositios$dranng
7 into o must take the number of breakpoints from, o) to 0. We also observe that reversals
can remove at most two breakpoints, and transpositionsazanwe at most three breakpoints.
This observation implies immediately a lower bound, givethie next theorem.

Theorem 4.3.1 Given two unsigned permutationsandoc we have

b(m, o)
3

< d(m, o).

Theorem 4.3.2 Given two permutations ando, withw # o, there is an operatiop removing
at least one breakpoint.

Proof: The intuitive idea is to increase the first strip on each dp@raremoving its rightmost
breakpoint without introducing new breakpoints.

The first strip on the left is always an increasing strip. hgkhe maximum element on this
first strip, find its successor, which will be necessarilyhe tight. If the successor is in the
beginning of a strip, or is the only element on the strip, welap transposition. If it is in the
end, we apply a reversal. [ |

Repeated application of Theorem 4.3.2 gives a 3-approlomatgorithm for computing
the reversal and transposition distance of unsigned petinos. Its time complexity i®(n?),
wheren is the size of the permutations. It takes timén) to find the operation and apply it.

4.3.1 Signed Permutations

Now we turn to the signed case. Note that the diag€aim, o) is the only one having + 1
cycles. So, the sequence of reversals and transpositamsférmingr into o must take the
number of cycles frone(w, o) to n + 1. For two permutations ando, and an operatiop,
denoteAc(p) = ¢(p - m,0) — ¢(m,0) as the gain in the number of cycles due to an operation

Lemma 4.3.1 Ac¢(p) € {—2,-1,0,1,2}

Proof: We note first thap can be a reversal or a transposition.

Each reversal acts on two reality edges belonging to at mastcycles, creating or de-
stroying at most one cycle. Hannenhalli and Pevzner [64Eshown that, for a reversal,
Ac(p) € {—1,0,1}.

Each transposition acts on three reality edges belongiray taost three cycles. Bafna
and Pevzner [9] have shown that for the unsigned caggp) € {—2,0,2}. It corresponds,
in the signed case, to a diagram generated by a permutatiopased only by positive strips.
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Figure 4.3: This figure shows all possible cases of tranipasacting on a signed permutation,
where only the affected cycles are shown.
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However, in the signed case, we have alsgp) = —1 or+1. This can be seen from Figure 4.3,
which shows all possible actions of a transposition on sigrermutations. [ ]
The following theorem comes directly from Lemma 4.3.1.

Theorem 4.3.3 Given two signed permutatiomsando then we have

(n+1) —¢(m,0)
2

< d(m,0)

Forz € {2,1,0,—1, —2}, define a--moveonr with respect tar as an operatiop such that
Ac(p) = x. As we mentioned, Figure 4.3 shows all possible actions gmesi permutations.
In each of the cases shown, a transposition transformsyeadpes(b, a), (d, ¢) and (f,e)
into (d, a), (b,e) and(f,c). Dashed lines denote a path that can be formed by one or more
desire/reality edges. Since the inverse of a transposgiartransposition, the transformations
are reversible. Notice that there is only one pattern cpmeding to &-move, and only three
patterns corresponding to armove. This fact leads to the following theorem.

Theorem 4.3.4 A diagram admits a 2-move if and only if there are three rgaditiges a, b),
(¢,d), and(e, f) such that

1. they appear in this order in the diagram
2. they belong to the same cycle

3. a is connected tal, b to e, andc to f, by paths not containing any of the eddesb),
(¢,d), and(e, f).

We show now a way to apply a reversal or a transposition onreedigermutation in order
to obtain an increase efr, o) by at lease in two consecutive moves.

Theorem 4.3.5 Given two signed permutationsando, there is either a-move, a&-move or
a 0-move followed by &-move.

Proof:

If there are negative strips, Hannenhalli and Pevzner [@d¢lshown that there is always a
reversal increasing the number of cycles, and is therefoieraove.

If all strips are positive, we can view this permutation asuasigned one, and apply a
result from Bafna and Pevzner [9], guaranteeing the existeneither &-move, or a)-move
followed by a2-move. [ |

From Theorem 4.3.5 we can derive an upper bound for the r@vansl transposition dis-
tance.
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Theorem 4.3.6 Given two signed permutatiomsandoc we have
d(m,0) < (n+1)—c(m, o)

Given a permutation to be transformed inte, the intuitive idea of the algorithm is, while
we have negative strips anwith respect ta we apply reversals as described on Theorem 4.3.5.
If we cannot apply reversals of this kind, and this sequehceversals did not transforminto
o then the diagram is generated by a permutation having ordifip® strips with respect to.
Then we use the results of Bafna and Pevzner [9] to discoeesduence of transpositions to be
applied. We note that, when these transpositions are beipiged, all diagrams are generated
from permutations having only positive strips with respect.

This gives a2-approximation algorithm for computing the reversal arahsposition dis-
tance of signed permutations. Its time complexityJi&:?), wheren is the size of the per-
mutations. Both a suitable reversal and a suitable tramsmasas specified in the proof of
Theorem 4.3.5, can be found in tim&n) [9, 64].

4.4 Reversal and transposition diameter

In this section we give initial steps for computing the masximnumber of operations for the
reversal and transposition distance of signed permutation
Taking S,, as the set of all permutations with sizedefine
D(n) = max d(m, o)
to be thereversal and transposition diameterof this set. Letr = (-1 -2 ... —(n—1) —n)

ando = (+1 +2 ... +(n—1) +n). Thene(r, o) = 1 for all n, and we have a lower bound
(by Theorem 4.3.3),

[g-‘ < d(m, o).

More precisely, we can prove the following result.

Theorem 4.4.1Takingr = (-1 —2 ... —(n—1) —n)ando = (+1 +2 ... n—1n),
then we have
2] +1 ifn=1,2
d(m,0) =
2] +2 ifn>3
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Proof: We have two cases according to the parity.of

e Whenn is odd, a lower bound i§2] < d(w,0). But[2] = 22+ = [2] + 1 < d(m, 0).
To achieve the lower bound, all operations applied must beofes, except one which
must be a 1-move. No 2-moves exist in the original diagrard fanevery 1-move in the
first step, the resulting diagram does not admit 2-moves célghe lower bound cannot

be achieved and we havér, o) > [5] + 2.

e Whenn is even, Tables 4.1 summarize the argument. The table EelBST MOVE”
analyzes all possibilities for the first move. Two of thesegibilities require an analysis
of the second move as well, which is done in the table labeslCOND MOVE.” Two
arguments are used heavily in this table. One of them is tih@&nwegative elements
remain, we cannot achieve thg| + 1 lower bound because we are forced to use at least
one reversal, which is never a 2-move. The other is that oneeafy in some cases that
a 2-move does not exist looking for the characterizatioeigivy Theorem 4.3.4.

Whenn > 3 we can obtain an upper bound fér, o) in the following way. First, we apply
areversal omr, obtainingr(1,n) -7 = (+n +(n—1) ... +2 +1). Then we use the result of
Christie [30], also obtained independently by Meidanis)té&/aand Dias [93], that determines
the transposition distaneg(r - 7,0) = [5] + 1, for n > 2. Therefore, we have the upper
bound,d(r, o) < [§] + 2, forn > 3. This completes the proof. u

We can verify thatD(n) = [§]| + 2 forn = 3, 4.

4.5 Conclusions

In this article we have presented approximation algorittonsomputing the reversal and trans-
position distance. For the signed and unsigned cases weshava algorithms based on the
notion of breakpoints and cycles, respectively. For theesigcase our algorithm uses a specific
type of reversal while possible, and after that it uses gait@Bafna and Pevzner theory [9] to
get the transpositions to be applied.

The lower bounds used to estimate the approximation factoe wimple, yet they lead to
a deeper result, namely, the calculation of the exact disthetween permutatigqhr-1 —2 . ..
—(n — 1) —n) and the identity. This proof is more involved and uses theatdtarization of 2-
and 1-moves given in Figure 4.3. Of course the result prevadewer bound for the diameter,
which we conjecture to be an upper bound as well.

Plans for future work include dealing with other operatiomgtably the combined rever-
sal+transposition, which is a natural operation to consiolen the biological standpoint, and
studying weighted problems, where each type of operatisratdifferent weight, and the goal
is to minimize the total weight.
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FIRST MOVE
2-move | impossible, no reversal iszamove
reversal 1-move | must ber (i, j) with j — 7 even; analyze second
move

0-move | if 7(1,n), use known result on transposition d|s-
tance (a); otherwise negative elements remain
2-move | the unique2-move pattern in Figure 4.3 does
not exist in the diagram

transposition 1-move | must bet(i, 5, k) with j — i andk — ¢ both odd,;
analyze second move

0-move | negative elements remain

SECOND MOVE
2-move | the unique2-move pattern in Figure 4.3 does
not exist in the diagram
r(i,j) with j — i even 1-move | if transposition, negative elements remain; if re-
versal, negative elements remain except when
first move was(1,n) or r(i + 1,n) for oddz,
but then the uniqu2-move pattern in Figure 4.3
does not exist in the diagram
2-move | the unique2-move pattern in Figure 4.3 does
not exist in the diagram
t(i, j, k) with bothj — ¢ and | 1-move | if transposition, negative elements remain; if re-
k — 7 odd versal, negative elements remain except when
it is r(1,n). But thenr(l,n) - t(i,j,k) =
tth +2—k,n+2—jn+2—1) - rln),
which was already analyzed

Table 4.1: Analysis of the first two steps in computing theatise. (a) See result by Christie
and Meidanis, Walter, Dias in the text. In the SECOND MOVHE¢alve do not consider O-
moves since if the second move i$-anove, the lower bound cannot be achieved, because the
first move was an-move.
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Abstract

One possible model to study genome evolution is to repregammes as permutations
of genes and compute distances based on the minimum numbertain operations (re-
arrangements) needed to transform one permutation intth@noUnder this model, the
shorter the distance, the closer the genomes are. Two apexdhhat have been extensively
studied are the reversal and the transposition. A revessah ioperation that reverses the
order of the genes on a certain portion of the permutatiorraAsposition is an operation
that “cuts” a certain portion of the permutation and “pasteslsewhere in the same per-
mutation. In this paper we show that the reversal and trasi$po distance of the signed
permutationr, = (-1 —2 ... —(n — 1) —n) with respect to the identity isn/2] + 2
for all » > 3. We conjecture that this value is the diameter of the perhmutgroup under
these operations.

*Trabalho depositado como Relatio Técnico no Instituto de Computaip da Unicamp em outubro de 2000,
sob o nimero IC-00-16. Um resumo deste retato foi publicado no volume 9, ano 5, de novembro de 2002, do
Journal of Computational Biology.
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5.1 Introduction

One possible model to study genome evolution is to repregembmes apermutations of
genes and compute distances based on the minimum numbeatahoperations (rearrange-
ments) needed to transform one permutation into anothedeitJthis model, the shorter the
distance, the closer the genomes are.

In general, genes are represented as integers from,lattd a permutation : {1,2,...,n}
—{1,2,...,n} by

(m1 Ty <. ),

wherer; denotesr(i).

Permutations can b&gned in which case each; has a positive or negative sign to model
the orientation of genes. We will cglermutation group the set of all permutations of a given
sizen. The unsigned permutation group halselements, while the signed group hzis:!
elements.

In this note we are interested in the diameter of permutagronps, that is, the maximum
distance possible between two permutations of sizander several operation choices. Two
operations that have been extensively studied arestrersaland thetransposition A reversal
is an operation that reverses the order of the genes on ancpdeion of the permutation.
A transposition is an operation that “cuts” a certain portion of the permataaind “pastes”
it elsewhere in the same permutation. (Refer to Sectiond.2nbre formal definitions.) A
transposition is also called lslock move in the literature. Ablock interchange operation
exchanges two portions of a permutation [28]. Transpasstiand block interchanges never
affect the signs (if present) of a permutation. For this oeashey are studied in the unsigned
case only. We could also conceive an operation that “cutgiragn and “pastes” it elsewhere
reversed. Call this rtansversal

Table 5.1 shows what is currently known about the diametesifined and unsigned per-
mutations under various combinations of the above operatim this note we provide a lower
bound for the diameter in the case of signed permutationsiegaby transpositions and rever-
sals.

Analyzing genomes evolving due to different mutationalregerepresents today a great
challenge. Hannenhalli and others [61] analyzed genonwsgiayg by different events, particu-
larly reversals and transpositions. Hannenhalli and RenNjB2] presented a polynomial time al-
gorithm for comparing genomes evolving by reversals, tcadions, fusions and fissions. Gu,
Peng and Sudborough [56, 55] gave approximation algoritormempute the distance between
two signed permutations, allowing three operations, saletransposition and transversal.

In this work we contribute to the analysis of reversals aadgpositions acting on a single
chromosome having genes with known orientation. We showa@tionr, that needs at
least|n/2| + 2 steps to be sorted, thus obtaining a lower bound on the déroéthe signed
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Operations Size Degree Diameter
Reversals (unsigned) [8] | n! (g) D=n-1
Reversals (signed) [64, 95]2"n! (g) +n D=n+1
Transpositions [9, 93, 30]| n! ("3 In/2] +1< D < |3n/4]
Reversals, transpositions| 2"n! (";1) + (g) +n n/2]+2<D
Block interchange [28] n! ("f) D = |n/2]

* This paper

Table 5.1: Results known about the diameter of permutationgs under genome rearrange-
ment operations. The column “Size” refers to the size of ttaply, i.e., the total number of
permutations fon elements. “Degree” is how many neighbors a permutation mathe col-
umn “Diameter” either the diameter is given or the known kagjrwith D representing the
diameter.

permutation group under these operations.

5.2 Definitions

In this section we formalize the problem of computing theersal and transposition distance
of linear chromosomes.

We assume that the order and orientation of genes in a chmmeare represented by a
permutationtr = (m; m ... 7,), where eachr; is a signed integer such that< |r;| < n and
il # || for i # j.

A reversalr(i, j) is defined by two integers j, such thatt < i < j < n, reversing the
order and sign ofr;, i < k < j. Thus we have

T(i,j)'(ﬂ'l cee T—1 T4 oo T3 Tj41 - - TFn):

(71'1 e T fj 7i+1 i Tj41 « - 7Tn)

whereT;, meansr;, with opposite sign.

A transpositiont(z, j, k) is defined by three integeisj, andk suchthatl <i < j <n+1,
andk ¢ [i, j], in the following way. It “cuts” the portion between positi®i andj —1, including
the extremes, and “pastes” it just before positiohus, ifi < j < k, we can write

t(i,j,k)'(ﬂ'l cee 1 T4 ove T 1 Ty vvw Tp—1 T v v ﬂ'n):

(Ty s MA Wy oo M T oo W1 T . )

Given two permutationg ando, we want to compute a shortest series of reversals and
transpositions that transformsinto o, that is, we want to fint,, 0, ..., 0., Wherey; is a
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reversal or a transposition, such that o, 1 -...- 02 - 01 - # = o andwu is minimum. We call
u thereversal and transposition distancebetweenr ando and denote it byl(r, o). Without
loss of generality we can fix. All our developments will be done with being the identity
permutation, which i = ¢, = (+1 ... +n). In this case we denot&r, ¢,,) simply byd(r).

In the following anoperation can be a reversal or a transposition.

A powerful tool for studying the reversal and transpositilistance is theeality and desire
diagramof two permutations. In the literature [9, 64, 63] this isledlthebreakpoint graplof
two permutations, but we prefer to call it a diagram becatssgraph structure alone does not
capture all the important information: the order of noda®levant too.

We first extend a permutationby addingr, = +0 andr,,; = +(n + 1). The extended
permutation will still be denoted by. We construct this diagram writing the original permu-
tation 7 in the following way. Replace each integeby a pair of points—: and+i, in this
order. For instance-4 is replaced by-4 and+4; —7 is replaced by+7 and—7. Add two extra
points, one called-0 at the beginning of the sequence, and one called+ 1) at the end of the
sequence. Now draveality edges between0 and—m,, betweentr; ; and—m;, and between
+m, and—(n + 1). Finally, drawdesireedges betwees0 and—1, betweent (i — 1) and—i,
and between-n and—(n + 1) (see Figure 5.1). Again, in the literature, reality edgescailed
black edgesind desire edges are callgthy edges We prefer the denominations reality and
desire because they are more informative: reality edges tethe current permutation, that is,
where we are, and desire edges refer to the target pernmyttiet is, where we would like to
be. We denoté/(7) the diagram of the permutation(with respect to the identity).

Observe that the diagram is composed of a number of cycléls,each cycle alternating
between reality and desire edges. Taegth of a cycle is the number of reality edges in it
(which is the same as the number of desire edges in it). Thengjgasition ofG () into cycles
is unique and we denote lgyr) the number of cycles it ().

The cycles ofGG(w) are denoted by a bracket notation as follows. We number tiéyre
edges ofG(m,) from 1 to n + 1 by assigning label to the reality edgém;, ;_1), with 1 <
i < n+ 1. Besides, we will assign to the labgfrom cyclec an orientatiornt+i or —i, defined
with respect to the orientation of the greatest (in absotatee) label from ¢, which is+[ by
convention. So, taking these labels and their orientatiortbe order they appear in around the
cycle, the unique cycle of the diagram in Figure 5.1 (c) is

[+(n+1),+(n—-1),...,+4,42,—-1,-3,..., —n]

for n odd or
[+(n+1),+(n—1),...,43,4+1,-2,—4,...,—n]

for n even.

The diagram has exactly+ 1 reality edges and the same number of desire edges. The idea

is that reality edges indicate the situation as it is now, desire edges indicate the situation
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(@)

(7D

0O +1 -1 +2 -2 +3 -3 44 4 +5 -5 6

(b)

(7SS

0O +1 -1 +2 -2 +3 -3 +4 -4 +5 5 +6 6 7

W::: D

+1 -1 +2 -2 43 -3 +(n-1) -(n-1) +n -n (n+1)
Figure 5.1: The figure shows: (a) The diagramfor (—1 —2 —3 —4 —5). (b) The diagram
form = (-1 -2 —3 —4 —5 —6). (c) The general diagram far= (-1 -2 ... —(n — 1) —n),
for all n.

sought. When reality equals desire in all edges, we have., andd(w) = 0. Therefore, our
goal is to apply reversals and transpositions so that yeaditomes desire.

Note that the diagrani-(.,) is the only one having. + 1 cycles. So, the sequence of
reversals and transpositions transforminigito ., must take the number of cycles frarfir) to
n+1. For a permutatiom, and an operatiop, denote by\¢(r, o) the difference:(o-7) —¢(7).
This is the gain in the number of cycles due to operati@applied tor.

Theorem 5.2.1 A¢(m, 0) € {—2,-1,0,1,2}

Proof: We note first thab can be a reversal or a transposition.

Each reversal acts on two reality edges belonging to at mastcycles, creating or de-
stroying at most one cycle. Hannenhalli and Pevzner [64Elshown that, for a reversal,
Ac(rm, o) € {—1,0,1}.

Each transposition acts on three reality edges belongiagnwost three cycles. Figure 5.2
shows all possible actions of a transposition on a signechgtion. As we can see, there
are cases where the number of cycles stays the same, orsesrbg one or two. So, for a
transpositionAc(r, o) € {—2,—1,0,1, +2}. [ |

Forx € {—2,-1,0,1,2}, define anc-move onr as an operation such thatA¢(r, o) = x.
Notice that, in Figure 5.2, there is only one pattern comesing to a2-move (or—2-move),
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Figure 5.2: This figure shows all possible actions of a trasgn on a signed permutation.
Only affected cycles are shown. A dashed line indicates la foained by one or more desire
and reality edges. Since the inverse of a transpositionreaposition, the transformations are
reversible.

three patterns corresponding tal-anove (or—1-move), and the others corresponding0to
moves.

The entire distance problem can be seen as finding shortibstipaa directed graph where
a vertex corresponds to a permutationand there is an edder, o) from = to o when there
is an operation (reversal or transpositi@nguch thatr = o - 7. We are interested in shortest
directed paths fromr to +,,, where the length of a path is just its number of edges. Hoxyexe
can assign weights to the edges in a way that will help us tigage the problem. In the sequel
we will define the weight of an edge and of a path, on that graph.

Definition 5.2.1 Given the permutations ando, such thatr = p - 7 for some operation, we
define theveight of the edgdr, o) as

w(m,0) = 2+ ¢(r) = (o).
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Notice thatw(w, o) > 0 for all edges (Theorem 5.2.1). The weightr, o) can be also
written as2 — Ac(w, o), whereg is the operation that transformsanto o. Since 2 is the highest
value thatAc¢(r, o) can take, and we know that high valuesXof(r, o) will get us closer to our
goal, we can think of the weight as a measure of “waste” in epenation we do.

Definition 5.2.2 Given a patlp = mym s . . . mp_17, We define theveight of p as
k
w(p) = Zw(m_l,m).

=1

Note thatw(p) > 0 for all paths. We can now relate the length of a path with thighteof
the same path, with important consequences on the distaetk| denote the length of a path

P.
Theorem 5.2.2Letp = mymimy . .. m_1 71, De a path. We have
w(p) = 2|p| + c(mo) — c(m).
The proof is just an induction ok. An important corollary is the following.

Corollary 5.2.1 For any permutationr and any shortest pathfrom = to +,, we have

w(p) —c(m) +n+1
5 :

d(m) =

The proof is immediate from the theorem, using= = andr, = ¢,,.

5.3 The reversal and transposition diameter

Taking S,, as the set of all signed permutations with sizelefineD(n) = max,¢g, d(7,t,) as
thereversal and transposition diameterof signed permutations. In this section we present a
lower bound on this number, based on the distances of pkmtiparmutations for each integer
n.

This particular permutation is, = (-1 =2 ... —(n—1) —n). We will compute its
reversal and transpositions distance, which will give adplound for the diametdp(n). We
start by showing an upper bound (), for alln > 3.

Theorem 5.3.1We havel(r,) < [gJ + 2 forn > 3.
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Proof: First we apply the reversall,n) onr,, obtaining
mo=r(l,n) -7 =(+n+Mn-1) ... +2 +1),

a permutation with positive signs only.

After that we recall a result from Meidanis, Walter and Di@8][ independently shown by
Christie [30], proving that the transposition distailger,, ) is [ 5] + 1, for n > 2.

The total number of operations is théh| + 2, which is an upper bound on the distance
d(rm,,) forn > 3. [ |

Our strategy to show that this upper bound is a lower boundedisnill be to prove that ev-
ery pathp from ,, to «,, satisfiesv(p) > 3. Then, by force of Corollary 5.2.1 and Lemma 5.3.1,
we will have the desired result (see Theorem 5.3.4).

The general form of the diagram generated by this permuttasigiven in Figure 5.1 (c).
The number of cycles is always 1, and we state this as our eexhh.

Lemma 5.3.1 We have:(r,,) = 1 for all n.

We need auxiliary results to support our claims. One thaeagppwith frequency is a suf-
ficient condition for the lack of 2-moves. Recall the forméttlwe cycles in the diagram of
T
c=[+n+1),+(n-1),...,42,-1,-3,...,—n],
for n odd and
c=[+n+1),+(n—-1),...,4+3,+1,-2,..., —n]
for n even. Notice that regardless of the paritynathese cycles are formed by two decreasing
subsequences. We calimonotonousthe cycles formed by two decreasing subsequences, the

first made of positive elements, and the second formed bytivegdgements. Such cycles cannot
be broken by a transposition, as the following results show.

Lemma 5.3.2 A permutationr admits a2-move if and only if there are three reality edges
labeledi, j andk with i < j < k, belonging to the same cycle @), and appearing in that
cycle either in the ordek, ¢, j (or i, j, k or j, k, ) with orientation+, or in the orderk, j,i (or

J, 1, k or i, k, 7) with orientation—.

Proof: Theorem 5.2.1 shows that there is just one pattern correépgpno a2-move. In
this pattern (see Figure 5.2), we can verify that, takingtkinee labels (belonging to the same
cycle)i, j andk such that < j < k, and assigning to labdl the orientation+k, we force
the orientations of and; to be respectively-i and+j, implying that these three labels appear
in the cycle with the ordek, i, 5 (or i, j, k or j, k,7), and all three with the same orientation.
Analogously, if we assign té the orientation-k, the orientations of andj become—: and
—7, implying the ordet, j, i (or 7,4, k or i, k, j), with 4, 7 andk with the same orientation.

The proof on the other side is immediate. We apiply;, k) on, with i, j andk following
the conditions of the lemma, and obtain the desired result. |
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Theorem 5.3.2Let 7 be a permutation for which all cycles in its reality and destliagram
are bimonotonous. Then(r, o) > 1 for all operationsp.

Proof: Of course,w(m, or) = 0 is equivalent to saying thatis a 2-move onr. A 2-move
has to be a transposition, and acting on three reality edfjfeesame cycle. However, by
the bimonotonicity of the cycles of, we cannot choose three labels following the conditions
of Lemma 5.3.2, considering just one of these two subse@sen&nother way to get these
labels would be to choose them from both subsequences. utliey will not have the same
orientation, so also in this case we cannot have the condibbLemma 5.3.2. [ ]

We are now ready for our main theorem.

Theorem 5.3.3Letp = 040, . ..oy be any path fromr, = o, to 1, = o,. Then we have, for
n > 3.

1. w(ogoy) > 1
2. ifw(opoy) =1, thenw(oy09) > 1

3. ifw(opoi09) = 2, thenw(oy...0x) > 1
Proof: The first claim is true because the weight is always greatar ¢t equal to zero, and it
is zero only if the operation is a 2-move. Howeweay,= 7, has only one cycle, and this cycle
is bimonotonous. Our claim then follows from Theorem 5.3.2.

For the second claim, observe thatryo,) = 1 exactly when the operatiomthat acted on
oy = m, Was a 1-move. Both reversals and transpositions can be &smniothe signed case, so
we need to analyze these two cases.

Let us deal with reversals first. It is well known [106] thatae&rsal breaks a cycle (that is,
is a 1-move) if and only if the two reality edges where it ad@séropposite orientations. Since
(i, j) acts on reality edgesandj + 1, this means that(i, j) is a 1-move if and only if and
j have the same parity. The diagram of the permutatiary) - =, in this case has two cycles.
The exact pattern of the resulting cycles depends on thevelzarity of, j, andn, but in all
cases they are bimonotonous. For instancg,jifandn are all odd, these cycles are

co = [+5,+0G—=2),...,+(@+2),+i,+( —2),...,+3,+1,
—2,—4,...,—(i —1)],

o = [+(n+1),+(n—-1),....,4+(+1),+(G —1),+({ —3),...,+( + 1),
—-(j+2),-(+4),...,—n|

It is apparent that these two cycles are bimonotonous. Ther @ases can be verified
analogously. Therefore(o,02) > 1if pis a reversal.
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The case wherg is a transposition(, j, k) also requires an analysis based on the parity of
i, 7, k, andn. From Figure 5.1 and Figure 5.2 we see that this operatiodimave if and only
if : andk have the same parity, anchas the opposite parity fromandk. For instance, in the
case of;, £, andn all odd andj even, we have a diagra@\(¢(i, j, k) - m,,) formed by two cycles,
which are

[k =1),+(k=3),..., 45, +(F = 2),... . +(i +1)]
[+(n+1), (n—l),... +(k +1), (Z—(—k—j—l)
+i+k—7-3),...,+(@+2),+i,+(G —2),...,+3,+1,
=2, —4,...,—(—1),—(i+k—j+1),
—(i+k—j+3),...,—k,—(k+2),...,—n].

The first cycle is monotonous and therefore does not admitre. The second cycle is
bimonotonous, and, by Theorem 5.3.2, does not admit a 2-mitiver. The other cases can be
verified analogously.

Let us now turn to the third claim. Again we divide the prodfoinwo cases: either there
is a negative element im, or all elements there are positive. If there is at least orgatinee
element, thenw(o, ...0x) > 1 because otherwise only transpositions would be applieitl unt
we reach,,, but.,, does not have negative elements and transpositions do angelsigns.

We concentrate then in the case whegenas all elements positive. Sineg = =, has all
elements negative, there are only four possible ways ohiegan all-positive permutation in
two steps:

1. o9 =r(1,i) - r(i + 1,n) - 0y, for some; between 1 and — 1, including extremes.
2. o9 =r(i+1,n)-r(1,7) - oy, for somei between 1 and — 1, including extremes.
3. oy =1t(4,4,k) - r(1,n) - 0y, for some triple;, j, kwith1 <i < j <k <n+1.
4. o9 =r(l,n)-t(i, , k) - 09, for some triple;, j, kwith1 <i < j <k <n+1.

The first two cases are actually the same, siritei) andr(i + 1,n) commute. In fact, we
will show that all cases can be reduced to the third one. Theddhis fact is to notice that any
transposition can be written as the product of three relgersa

t(i, 4. k) =r(ik—1)-r(i,j—1)-r(,k—1). (5.1)

This can be easily verified from the definitions. If we use 1 andk = n + 1 in this equation,
we get:

t(1,5,n+1)=r(1,n)-r(1,57 — 1) r(j,n),
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showing that Cases 1 and 2 are indeed particular instanceasef 4 (recall that(1,n)? = I).
On the other hand,
T(L n) ’ t(i7j7 k) ’ T(L n) = t(klajla i,)a

wherei =n+2 —14, 7' =n+ 2 — j, andk’ = n + 2 — k, which shows that Case 4 can be
reduced to Case 3.

Let us then concentrate on Case 3. Notice that in this eade the permutatior{+n
+(n—1) ... +2 +1). A consequence of the work by Meidanis, Walter, and Dias 28]
that of Christie [30], which computed the transpositiortaige of such permutations, is that
w(oy .. .1,) > 2 for any path consisting of transpositions only. Nowuifos . . . oy) = 0, this
would refer to a path using transpositions only, and theeafiee can conclude that(cy0,) = 2
and thatw(oyo,) = 0, a contradiction since the first stepl, n) was a reversal. It follows that
w(oy...o0r) > 1as claimed. [ |

Theorem 5.3.4We havei(m,) > | 5] + 2forn > 3.

Proof: Theorem 5.3.3 guarantees thal) > 3 for any path fromr, to «,,. Plugging this into
the formula of Corollary 5.2.1 we conclude that

n+3

dn> )
(M) 2 —5

which impliesd(r,) > | 5] + 2 sinced(r,) is an integer. [
The next theorem comes directly from Theorems 5.3.4 and 5.3.

Theorem 5.3.5 Given the permutations, and.,,, for all n, then we have

J+1 ifn=1,2
]+2 ifn>3

d(m) = { {

oISo|3

Proof: Forn = 1itis obvious that/(r,) = 1 sincer,, # 1, and a reversal will do. Fat = 2
a minimum series of operations transforminginto ¢,, consists of two operations. Far> 3,
the result follows from Theorems 5.3.1 and 5.3.4. [ |

5.4 Conclusions

In this work we extend the analysis of transpositions dond3afna and Pevzner (1995) to
signed permutations, and compute the the reversal andptsition distance of the signed
permutation—1 —2 ... —(n — 1) —n) with respect to the identit{+1 +2 ... +n — 1 +n).
The proof is based on the number of cycles that can be createtthe first two steps, in the
diagrams generated on any sequence of operations tramsprion ¢,,. Obviously this result
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gives a lower bound for the diameter. We conjecture thaistakso an upper bound. We remark
that the exact value of the transposition diameter is stiinown (see Table 5.1).

An interesting point to be studied later is the diameter ghed permutations under rever-
sals, transpositions, arichnsversalsA transversal acts by moving a block of genes to another
place on the permutation, but with the genes reversed. Tragation is biologically as natural
as the transposition.

Another line of study is to consider different weights fartspositions and reversals. With
equal weights, as done here, the minimum path consists miedatly of transpositions. It
would be interesting to use weights suggested by what has digserved in practice. Appar-
ently, transpositions should weigh about twice as muchassals.
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Capitulo 6

An Alternative Algebraic Formalism For
Genome Rearrangements

Jaao Meidanis

Zanoni Dias

Abstract

Here we relate the recent theory of genome rearrangemetis theory of permutation
groups in a new way and hope to set the ground for further adgim the area. This work
was motivated by the fact that many arguments in genomearggements are of the form
“look at the figure”, and lack more formal algebraic derigati We intend to give the
area a strong algebraic formalism, much as analytic gegnpetivided an alternative for
geometric arguments based on pictures.

*Este trabalho corresponde a veis estendida do artigo apresentado @ene Order Dynamics, Compa-
rative Maps and Multigene Families (DCAF’'2000) realizado na cidade de Le Chantecler, no Caadkm
setembro de 2000, e que taén integra o livioComparative Genomics: Empirical and Analytical Approa-
ches to Gene Order Dynamics, Map Alignment and Evolution of @ne Familiespublicado em novembro de
2000.
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6.1 Introduction

In this paper we are concerned with the genome rearrangemasiem viewed as a combina-
torial problem. In the general formulation of this problera are given two genomes (or parts
of genomes), viewed as ordered lists of genes (or othersargrkand a set of allowed mutation
events (reversals, transpositions, etc). To solve thel@molve must find the minimum number
of events that lead from one genome to another. In generadhgion is symmetric, that is,
the same series of events, taken backward, will transfoenséicond genome into the first. We
will also restrict ourselves to the case of conservativeneyeghat is, events that do not change
the available gene pool. Thus events such as duplicatiotsletions will not be considered in
this study.

Recent developments in this field include the polynomialtoh to the signed reversal case
[64], the NP-hardness of unsigned reversal distance [21,partial results for transposition
distance [9, 92], to name just a few. Many doctoral disseratwere devoted to this theme
(see, for instance, the theses of [117], [30], and [119]an$position distance seems to be a
harder problem, that has eluded researchers for many yeardts computational complexity
is still unknown. We feel that new, more powerful formal toalte needed to successfully attack
this problem.

The mathematical formalization of genome rearrangemesnially begins by representing
genomes apermutations Thus, a genome consisting of genes,, w3, 73, ..., 7, in this order
is written as:

m=(m T W3 ... W) (6.1)

meaning thaitr is the function (permutations are functions):
1= 7m,2=m,3=ms,...,n = 7]

that is,m maps 1 intar, 2 intory, and so on.
In this paper we will propose a different view of a genome agmnpitation, namely, that
Equation [6.1] denotes the function:

[Ty = Mo, Mg = T,y W1 = Ty, Ty, = 1) (6.2)

that is,m mapsm, into 7y, m, iNto 73, and so on. Note that the last gengis mapped into the
first gener;. This is necessary, because permutations are functionsitiaeach element into
some other, and they cannot repeat images. However, thigesrgp circular character to our
genome. But circular genomes do exist, and, as we will seglisesjuent sections, the study of
rearrangements of linear genomes is really not much diftdrem circular ones.

Our goal in this note is to convince the reader that integpi@ (6.2) is much more sensible,
for a number of reasons. First, it allows us to directly appbny long known results from per-
mutation group theory. Important tools such as breakpgihésbreakpoint graph, cycles, good
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cycles, bad cycles, gray edges, black edges, which sernMealsasbuilding blocks for most of
the advances in the field can be algebraically defined instegicphically defined as they have
been until now. Therefore, arguments that relied on pistaes now be expressed completely
in algebraic terms. We consider this a powerful step towamsissive attack on such problems,
much like analytic geometry is a powerful way of looking if@ometric problems.

In Section 6.2 we briefly review the basics on permutatiorugso Section 6.3 contains
the first steps in redefining genome rearrangements undeethdormalism that we propose.
In the Section 6.4 we use theory just developed to show somdtsehat have been proved
based on pictures. In Section 6.5 we apply the theory to saldistance problem. Finally, we
conclude in Section 6.6.

6.2 Permutation Groups

Permutations groups have been studied at least since titeenh century, when Galois wrote
his much acclaimed theory for solving algebraic equatittese we briefly recall a few classical
results that are useful in genome rearrangements. For miorenation see references [70, 87].

Given a base sdf, apermutatioron £' is a one-to-one function fromd onto itself. Permu-
tations are composed of one or maseles A cycle involving elements, b, ¢, for instance, is
written:

(abc)

meaning that is mapped intd, which is mapped inte, which in turn is mapped back into
Cycles can be of any length. Cycles of length 1 are not expliairitten. Thus, if we write:

a=(abc)

we implicitly mean that all others elements are left in plagey, that is,a(x) = x for x #
a,b,c. Note: (abc) = (bca) = (cab).
Thesupportof a permutationy, Supp(«), is the set of elements not fixed by

Supp(e) = {z € E,|a(x) # z}.

Thesizeof a cycle is the number of elements in its support.

The product(or compositiof of two permutationsy, 5 is denoted byy3. In generak #
Ba, but whena and s are disjoint cycles they commute;s = Sa. Every permutation can be
written in an unique way as a product of disjoint cycles (afvam the order of the factors). We
refer to this as theycle decompositioof a permutation.

The identity permutation, that maps every element intdfjtsall be denoted byl. Every
permutationo has an inverse: ! such thatoa ! = o 'a = 1. For cycles, the inverse is
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obtained reverting the order of the elements:b ¢) is the inverse ofc b a). For a general
permutation, invert every cycle in its cycle decomposition

To compute the product ef andj, o3, we must keep in mind thét will be applied first,
and thery, as inaf(z) = a(5(x)). Therefore, to compute a product of non-disjoint cycles we
need to proceed as follows. Take the example:

(abec)(abd)(cdb).

To compute this, we start with any element, sapand compute its image. The elemerns
fixed by the rightmost cycle, then is mapped intoy the second cycle, arids mapped inte@
by the leftmost cycle. So, the final destinatiorua c. We then write:

(abe)(abd)(cdb)=(ac ...

and then proceed finding out the imagecdt: goes tad, d goes toa, a goes tab, respectively,
by the rightmost, middle, and leftmost cycle,sis finally mapped intd. And so on. We reach
the result:

(abe)(abd)(cdb) = (ach)(d)=(ach)

since singleton cycles do not need to be explicitly indidate

One important operation is th@njugation The conjugation of; by « is the permutation
aBa~t. This results in a permutation with the same cycle structdiré but the elements are
changed byv. For instance, ifs = (b by ... by) then:

afat = (a(b) a(bs) ... a(b))

If 5 is a product of disjoint cycles, each one will be affectechlkin the same way to form
aBa~t. Conjugations are so important that we will have a specitdtian for them:- 3 means
the same ag3a~".

6.2.1 Short Cycles

A 2-cycle is a cycle of size 2. A 3-cycle is a cycle of order 3.islimportant to know how
products by 2- or 3-cycles affect an arbitrary permutation.

Let « = (a b) be a 2-cycle. lIts effect on an arbitrary permutatibean be described as
follows. If « andb are in the same cycle i, this cycle is broken in two ia3. If « andb are in
two distinct cycles in3, these two cycles become onedrd. Here and in the rest of the paper
we say “cycle in5” meaning “cycle in the unique cycle decompositionsf

The same results are valid f@r.. Notice that3a anda/3 are conjugatesy(Ba)a™" = af,
and therefore have the same cycle structure.

Now take an arbitrary 3-cycle = (a b ¢) and an arbitrary permutatiof. Three cases
appear:
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1. If a, b, andc are in three different cycles ifi, these three cycles become a single cycle in

af.

2. If two of «, b, ¢, are in the same cycle, and the third element is in a differgdle in g3,
then these two cycles recombine into another two cyclessinThus, the total number of
cycles is maintained.

3. If a, b, andc are all in the same cycle id, the result depends on the orientation they
have in this cycle ofs. Selectinga as the starting point, this cycle can have the form
(@...b...c..0)o0or(a...c...b...). Inthe first case, the cycle becomes...c ...

b ...)in af. Inthe second case, the cycle breaks fato..)(b ...)(c ...) inaf.

The same results (except for the exact format of the reguttyeles in case 3) are valid for

Ba.

6.2.2 Norm and Divisibility

In past sections we used phrases of the foanb; c in this order int”. It turns out that there is
an algebraic way of expressing the same meaning. The ndtioorm comes to our rescue.

It is well known that every permutation can be written as alpit of 2-cycles. For instance,
the cycle(a b ¢ d) can be written as:

(abed)=(ab)(bc)(cd)

This can be easily generalized to all cycles. Since evempgtion is a product of cycles,
it is clear that every permutation is a product of 2-cycles.

There are in general many ways of writing a permutati@s a product of 2-cycles. Among
all these products, there must be some that use as few Z@glgossible. Ldty| denote the
minimum numbert such thaix can written as a product @f 2-cycles. We cal|«| thenorm
of . For instance|l| = 0, |(a b)| = 1 and|(a b ¢ d)| < 3 (we will see later that this is an
equality).

Theorem 6.2.1 For every permutations and 3, he have:
1l lal=0a=1
2. a7 = |af
3.16-a] = o

4. |af| < |l + (6]



78 Capitulo 6. An Alternative Algebraic Formalism For GenoRearrangements

Proof: Item 1 is obvious, since using no cycles all we can produdesigdentity. For item 2: if

a = o ...aqy, With eacho; being a 2-cycle, thea™ = o, ... ;. So, for each decomposition

of || into 2-cycles we have a decomposition@f! with the same number of cycles. This

proves thata 1| < |a|. By symmetry we conclude that| < |a!|, and this proves item 2.
Also, if « = «; ... oy, we have that:

Bra=(B a)B a)...(B - ag)

with eachf - ; being a 2-cycle. Again, this allows us to conclude titata| < |a|. Since this

is true for everyn and3, we also haves=! - (5 - a)| < |3 - a| or, equivalentlyja| < |3 - al.
This proves item 3.
ltem 4:
o=k a=oa...0
Bl=leB=P5...5
So,
af=ay...opfB... 0= |af] <k+1=lal+ |5
This proves item 4.
[

Corollary 6.2.1 |af| = |5

Let us start with the observations in Section 2.1. One of teays that if. = (a ), and
a eb are in the same cycle i, this cycle is broken in two if«. Calling ¢(«) the number of
cycles in the cycle decomposition of a permutatio(including singleton cycles), this can be
represented asandb in the same cycle of = ¢(f«) = ¢(f) + 1. The other observation is:
andb in different cycles ofy = ¢(fa) = ¢(8) — 1.

These two facts are important because they say that the maihdgcles changes by at most
one when we multiply by a 2-cycle. Since the identity perrtiatain a setE' has exactly F|
cycles, we have the following result:

Theorem 6.2.2 For any permutationy, if & = «y ... ay, with eacha; being a 2-cycle, then
k> |E| - c(a).

Proof: Induction ink. Fork = 0, we haven = 1, ¢(a) = |E| and|E| — ¢(a) = 0. Fork > 0,
leto =« ...a,_1. We know by induction hypothesis that- 1 > |E| — ¢(a/). Butc(a) =
cldag) > c(d)—1. Thenk = (k—1)+1 > |E|—c(o/)+1 = |E|— (c(a/) = 1) > |E| — ().
|
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Corollary 6.2.2 For any permutationy, we havga| > |E| — ¢(«).
In fact, this is an equality, as the next result shows.
Theorem 6.2.3 For any permutationy, we havga| < |E| — ¢(«).

Proof: Leta = a3 ...a4 be the cycle decomposition afincluding the 1-cycles as well. If
cycleq; has sizd;, we can write it as a product of 2-cycles with- 1 terms (see beginning of
Section 6.2.2). We therefore end up with a producdf, (i; — 1) 2-cycles fora. But:

S —1) =;li—k= |E| = c()

=1

Therefore, we havey| < |E| — ¢(a). [ |
Corollary 6.2.3 For any permutationy, we havga| = |E| — ¢(«).

We say that a permutatian dividespermutations when|3a~!| = |3| — |a|. We use the
notationa|/ to indicate this fact.

In the sequel, we present some basic propositions of theiliNy relation and later we use
them to express algebraically the order of elements in &cycl

Theorem 6.2.4 The divisibility relation is an order relation, that is:
1. oo
2. alfandfla=a =0

3. o|fandp|d = alo

Proof:
1. |aa™t| = |1| = 0 and|a| — |a| = 0.

2. We have that:
a8 = [Ba "t = 8] — |

Blo= [ap™| = |a| — 15|

Howeveras—t = (Ba1) 71, and thereforésa | = |a5~1|. Butthen we havgsa | =
0=fat=1=a=20.
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3. In this case, we have:
alf = [Bat = |8] — |,
Bl = 16671 = 18] — |B].

So,
Ba™! + 16871 = [d] = |a.
But
dat | = 1687 Ba!| < 687 + B < 10] - ],
and

6] = |00~ a| < 0o+ |af = |0a™ > [d] - |o|

We conclude thapa=!| = |§| — |«l, that is,«/d.

[ |
In addition, divisibility has some nice extra propertiesgd@&an be used to give an algebraic
characterization of the fact that cycleappears in the cycle decomposition of permutatioa
phrase that we usually abbreviate asi$ a cycle ofg”.

Theorem 6.2.5Leta be a cycle angd an arbitrary permutation. Then is a cycle ofg if and
only if the following two conditions hold:

1. o|p

2. there is no cycle/ with a|o/|5.
Theorem 6.2.6If |3 thena™! |57,

We can use the divisibility relation to express concepts seeftequently, like the order of
elements in a cycle or whether two elements belong to the sgole or not in a permutation.

In view of the last corollary, we can say thal3 if and only if ¢(Sa~") = ¢(8) + |a/, that s,
if and only if the number of cycles ifia ! increases bya| compared to the number of cycles
in 3. In others wordsy ! causes maximum cycle breaking/n

If ais the 2-cycle(a b), a divides if and only if « andb are in the same cycle gf. And
if a is the 3-cycle(a b ¢), a dividesg if and only if a, b andc are in the same cycle ¢f, and
appear in this order in it.

We summarize these observations in the following theorems.
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Theorem 6.2.7 Leta, b, c € E anda be a permutation. Then:
1. a, b are in the same cycle of <= (ab)|«

2. a,b,cinthe same cycle af and appear in this order in this cycle= (abc) |«

Theorem 6.2.8 Leta = (ab),  be permutations. Then:
1. «|f = acycle is broken imv5 (when compared t@)

2. a [ = two cycles are joined in5 (when compared t@)

Theorem 6.2.9Leta = (abc), 8 be permutations. Then:
1. a|B <= acycle is broken in three parts jf=' (when compared t8)

2. o [ but all 2-cycles(ab), (be), (ac) divide 5 = a cycle has two regions transposed in
Ba~t (when compared tg)

3. a [ 8 and exactly two ofab), (bc), (ac) divide 3 = two cycles are recombined jfr*
(when compared t@)

4. (ab), (be), (ac) do not divide3 = three cycles are joined ifia ! (when compared t6)

6.3 Genome Rearrangements

To formalize genome rearrangement problems we will use ss et for the permutations the
setk, = {—-1,+1,-2,42,...,—n,+n}, wheren is the number of genes. Thus, we will be
modeling both strands of the underlying DNA molecule. Edement+: or —i represents a
marker on the® gene, with its opposite meaning a marker in the same locatithe opposite
strand. We will first model circular genomes, which conforrarenaturally to the formalism,
and will later comment on the necessary adaptations foatigenomes.

To begin with, letl” be the permutation that maps each elements into its cowanterp the
other strand. The permutatidhcan be written as:

'=(-1+1)(-2+2)...(—n +n)

that is, a product of, disjoint 2-cycles. Notice thaf(a) # a for all a € E,, andI?(a) =
['(I'(a)) = aforalla € E,. In other words['? = 1 or, equivalently] ! =T.

A cycle isadmissiblevhen it does not contain: and+i for the same i. Thug; is far from
being an admissible cycle. An admissible cycle of size called agenome strandecause it
models a strand of a genome formed by theggnes in some order. If we have an admissible
cyclea, we can compute its reverse complement, as in the examptbee dfble 6.1.
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o reverse complement
(+3 =1 +7 +5)| (-5 =7 +1 —3)
(+2 +4 +6) (=6 —4 —2)

Table 6.1: Examples of admissible cycteand their reverse complement.

—~

+0 +3 -3 -2 +2 +5 -5 +4 -4 -1 +1 -6

Figure 6.1: Breakpoint Graph for genomes- (-3 +2 —5 —4 +1)(-1 +4 +5 —2 +3)
ando = (+1 +2 +3 +4 +5)(—5 —4 -3 —2 —1).

There is an algebraic way of obtaining the reverse complénifen is an admissible cycle,
a~lisitsreversel'-a = al is its complement. The reverse complement is when we do both:
(T -a)~torT - (a™!), which results in the same expressiom'T.

Given a genome strand, its reverse complement, = I'r;'I" forms the complementary
strand of the same genome. We represent this genome as thepad the two strandst =
m . Since the strands form two disjoint cycles it does not nnattevhich order we take the
product: mym, = mom;. Also, it does not matter which strand we cajt had we started with
T We would have computed its reverse complemgrand the final genome would have been
the same. This is just as DNA should be: no matter which styandpick, when you let it pair
with its reverse complement, you get the same DNA molecule.

Formally, we define @enomeas a permutation that can be writtena$'x;'I", for some
genome strand,. Note thatl'zI' = 7! for every genomer. The general genome rearrange-
ment problem then becomes: given two genomesdo and a class of operations, find the
minimum number of events (operations) that transfarnmto ¢. This minimum number is
called thedistancebetweenr ando.

We will talk about classes of operations later, but for anthefseveral problems obtained by
choosing a different set of operations, tireakpoint graptplays an important role. Classically,
the breakpoint graph is constructed as in Figure 6.1.

Details of the construction have been described previossleral times and will not be
repeated here. See for instance [64, 106]. Our objectiveabtain this graph, or an equivalent
structure, by algebraic manipulations. The breakpoinplgia used when we want to transform
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7 into a constant genome= (+1 +2 +3 +4 +5)(-5 —4 —3 —2 —1). Itthen depends
on both7 ando. In fact, it has been defined for linear genomes, and to adapiat we need
consider “extended” versions efando: taker; = (+0 —3 +2 —5 —4 + 1) and identify

—0 with —6.

The breakpoint graph is composed of black edges, which depely onw, and of gray
edges, which depend only en Its turns out that'x is a product of 2-cycles that correspond
exactly to the black edges. Ardb corresponds to the gray edges in the same way. In the
preceding example, we have:

I'r = (=0 +0)(=1 +1)(=2 +2)(=3 +3)(—4 +4)(-5 +5)
(+0 =3 +2 =5 —4 +1)(-1 +4 +5 -2 +3 —0)
= (40 +3)(=3 = 2)(+2 +5)(=5 +4)(—4 —1)(+1 —0),

exactly the black edges. At will give the gray edges:
o= (+0 = 1)(+1 —2)(+2 —3)(+3 —4)(+4 —5)(+5 —0).

In the classical theory of genome rearrangements the ciydletsre of the breakpoint graph
plays an important role. Although we could not obtain theleyof the breakpoint graph
themselves, we derived an algebraic expression fosdlu@reof the cycles. This expression is
just the productl'r)(I'c) = I'rl'o. In the example, we have:

['rlo = (+0 —4)(+3 —1)(=3 +5 +1)(=2 — 0 +2)(=5)(+4)

For each cycle of the breakpoint graph we have two cycldsqdhio. If the cycle in the
breakpoint graph iga; as ... ag) , we have(a; as ... ag_ 1) and (ag, agk 2 ... az) in
I'rT'o. Therefore, this is not exactly the square of a breakpoiokegypbecause one of them is
reversed. Strictly speaking, we cannot model as permuistiee cycles of the breakpoint graph,
since they have no orientation. This in part explains why oywe in the square is reversed.
Had we taked'n['c the other cycle would have been reversed. Noticelthdtr = 7', and
Lol'm = o~ .

In any case, these constructions allow us to rephrase tathmioperties of breakpoint
graphs in algebraic terms. For instance, how many breatgoinas with respect te? This is
just the number of elements not fixed ByIl'o, divided by 2:

B |Supp(I'nLo)|

b(m, o) — 5

Likewise, the number of cycles in the breakpoint graph i§th& number of cycles in—'o.
We can define also the length (size) of the cycles, good or Yads; cycles that can be broken
by certain operations. We hope to be able to define interigawycles, hurdles, fortresses, all
in algebraic terms.
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+1 S 2 +4 3 4 2
+3 +2 ) +4 +2 9
-1 -4 +3 -1
A B A B

Figure 6.2: Linear genomes with fixed extremes.

3 2 4 2
+1 +4 3 +1
13 42 T4 42
-1 -4 +3 -1

Figure 6.3: Linear genomes without fixed extremes.

6.3.1 Linear Genomes

The theory developed so far fits nicely with circular genomiesthis section we will briefly
examine the case of linear genomes.

First, we must recognize that there are actually two kindgnefr genome: with free and
with fixed extremes. Let us define each kind, starting withathe with fixed extremes.

When we compare two regions of two different genomes, anskthegions are flanked by
conserved parts, we need to use the fixed-extreme case ). In this case, we add an
extra dummy gené3 A, which represents the fixed extremities of the regions, andged as in
the circular case.

When we compare two entire linear genomes, we need to tak@atount that there is a
free reversal that can be applied, so the distance in théeslmasomes:

dfree - min(dfized(’[ra 0)7 dfized(F ) 71—717 0))

More details on the relationship between linear and circgémome rearrangement prob-
lems can be found in the references [119, 92].

6.3.2 Operations

We will define in this section the events (operations) of reak transposition (or block move),
and block interchange, some of them in the their signed asdynad version. We will do a
very detailed job for reversals, and then just state thdtsefar the others, to save space.
Given a genome, to perform a reversal on it we need to choose two distinckerar, and
v, in the same strand of, and then replace the path framto v (includingu but excludingv)
by its reverse complement. Of course, a similar operatidirbeiperformed on the other strand,
to make sure the final result is still a valid genome. FigudesBows what is meant.
We want to write the resulting genomeaspr, wherep is a permutation that will represent
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A Reverse complement of A
u_—— v Tt ru, —*~—_ mrv
° ° ° °
/ \ / \
Tu ./ \.v miru .’/ \. rv

\ [\ /

Reverse complement of A A
T[FV.\FU O‘:pT[ T[_lV/.\ u
° ° ° °
7 \ / N
Tu ./ \‘. v nru ./ oV

Figure 6.4: A reversab applied to genome.

the reversal. With some work, we see thatiffers from= only in the following mappings:

1 1

or u=7lv, cl'u=wv, cl'v=u, on” v ="nlu.

Thereforep = or~! maps:
prlv = o 'nlv =olv =u

pv =or v =rTu
pu =on tu=nlv
prlu = o™ '7lu = ol'u = v

with all other elements fixed by. Or, written as a product of disjoint cycles:
p = (unlv)(valTu).

This is then the general formula of a reversal applicabte tehereu andv are two elements
in same strand of. We say thatr ando differ by a reversalvhen there is such a reversal
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with o = pm. Notice that the definition of a reversal dependsrorThere is no way to define
a class of permutations that will be “the reversals”, vabd &ll genomes. Each genome has
a particular set of reversals that can be applied to it, arsdsits varies from one genome to
another.

For this reason, we cannot view the genome rearrangemeblepradirectly as a “group
generators” problem, where a class of generators of the ggritngroup is given and we seek
the minimum number of generators to write a given permutatidevertheless, it can be viewed
indirectly as a group generators problem. We intend to putisis approach in a future paper.

The reversal distance problem is: given two genomasdo, find the minimumk such that
there are genomeg, 71, . . ., 7 With 7 = vy, 0 = 7, and~; differs from~, ., by a reversal, for
i=0,..., (k=1).

In a previous version of this manuscript we stated that unegsigreversals could also be
handled, but this is false, as far as we can see, becauseadsiyersals do not exist in nature.
They are artifacts created to deal with the lack of inform@ton orientation. However, the
following operations can be handled by this formalism.

A transpositions defined as:

7 = (mu v 7w)(F'w v Tu)

whereu, v andw are three distinct elements in the same strand, iappearing in this order
(u,v,w) in the strand.
A reversal+transpositioms defined as:

7 = (mu v Tw)(rw v Tu)

whereu, v andw are distinct elements in the same strand jiappearing in this orddw, v, w)
in this strand. A reversal+transposition models the evemthich a block detaches itself from
a genome and reappears elsewhere, in the same strand bladkésheversed.

A block interchanges defined as:

f = (mu mw)(rz 7v)(Tu Tw)(Tz Tv)

whereu, v, w andx are four distinct elements in the same strand chppearing in the order
(u,v,w,z) in this strand.

Each one (or a group of) of these types of events can be usedit@ & genome rearrange-
ment problem: given two genomesando, find the minimumk such that there are genomes
Y0, Y1y - Yk With T = g, 0 = 7, and-; differs from~;.; by the specific operation (or a group
of),fori =0, ..., (k—1).
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6.4 Using the Theory

We will use the theory developed to show two results whosefpr@as based on pictorial rep-
resentations. The first result appears in Christie’s prioaf & block interchange cannot create
three cycles [28]. The other result is that there is only oag ¥r a transposition to break a
cycle, proved by Walter & colleagues by reference to a pecfi20].

Theorem 6.4.1 Let7 ando be two genomes, antla block interchange on. Then the number
of cycles ino(37)~! is not higher than 4 plus the number of cyclegirr!.

Proof: We haves(37)~! = or 17!, which isor~! multiplied by 3~1. The cycle structure
of 5! is the same ag’s: four 2-cycles. By the classical results about produgtg4sycles it is
immediate that multiplying by four 2-cycles we cannot cesaore than 4 extra cycles. ®

Theorem 6.4.2 Let7 ando be two genomes, and= (u v w)(r['w #T'v 7l'u) a transposition
on, whereu, v, w appear in this order in the same cycleaf Theno(77)~! has four more
cycles tharor—! if and only ifu, v, w are in the same cycle inr~! and appear in the order
(u,v,w) in this cycle.

Proof: Transpositions do not mix genome strands, and thereforenow khat the elements
of a strand ofr will form a strand in7x (possibly in different order). Let; be the strand
that contains:, v andw, ando,, the corresponding strand in We then haver = =, I'r'T,
o = o Loy, andon™! = oy (Do ') (I I). Theno(rr)~! = or—'7~! will be the
product of disjoint permutations; 7; ' (w v u), and(T'o; 'T) (O'm T) (7 Tu 7lv 7lw).

In the first component, 7;*(w v u) we have a product of a 3-cycle byw;*. We know
from Theorem 6.2.9) that this produces two extra cyclesdf anly if (uvw)|o, 77", that is, if
and only ifu, v, w appear in the same cycle efr; ' in the order(u, v, w), as stated. [ |

6.5 Reversal Distance

In this section we will apply our theory to the reversal dista problem.

6.5.1 Good and Bad Cycle Pairs

Let us start by examining the cycle structureraf !, wheres andr are two genomes. It turns
out that every cycler in o~ ! has acompaniorcycle (7T') - o~ ! also ino7 1. Their product
will be called acycle pairin o7 !

Every cyclea in 7o has a companion cyclé@'r) - o ! also int'o. The cyclex is good
if and only if (I'r) - o1 is good.
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First, we note that there are four ways of specifying thefgaintsu, v of a reversap(u, v),
because:
p(u,v) = p(v,u) = p(rTu, 7Tv) = p(rTv, 7T u).

According to the relative positions af v in o7 ! we have three cases:
1. u, v in the same cycle of 7!
2. u, v in companion cycles ofr !

3. u, v in non-companion cycles ofr !

Notice that any of these conditions, if true ferandv, is also true fow, u, for 7l'u, nl'v,
and fornl'v, 7I'u, that is, they are independent of the particular pivot goattosen and are
therefore characteristics of the reversal itself.

In case 1 the number of cycles®f ~! does not change, because we have:

on =a(u...v...)(...1Tv...7lu)

Then,

afuw...v..)(..oTv...7Tu)(u 7T'v) (v 7lu)
= o(u...mTu..)(v...7lTv...)

In case 2 the number of cycles@f ! increases by 2:
on - =a(u...mTv..)(...v...7Tu)
Then,

aﬂ_lp_l = 07r_1p

afu...mTo..)(...v...7Tu)(u7lv) (v 7lu)
= au..)(v...)(7Tu..)(7Tv...)

In case 3 the number of cyclesof ~! decreases by 2:
or ' =alu..)(...mTu)(v...)(...7[v)

Then,

a(w...)(...7Tu)(v...)(...7Tv)(u nTv) (v 7lw)
= au...mTv..)(v...7Tu...)
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Based on these observations, we say that a revefsab) that can be applied to genome
is acycle twisterin case 1, &ycle breakein case 2, and aycle mergetin case 3. In the first
two cases we say thafu, v) acts on the cycle paithat contains: andv. Because there are
alternative ways of picking the pivot points for a given nesad, it is necessary to refer to the
cycle pair as a whole and not just to the cycle individually.

Take an arbitrary cycle of or~!. Letk be the length of this cycle, and let andk, be the
number of elements in this cycle that are in stramdandr, of 7. Define thembalanceof « as
|k1 — ko|. This number has the same paritykazsnd lies betweefi andk. It is in fact a property
of the cycle pair ofy, because the companion cy¢td’) - « will have the same imbalance.

We define éad o' cycle pair as a cycle pair that has imbalance equéal twherek is
the length of its cycles. oodon~! cycle pair is a cycle pair with imbalance less than

Theorem 6.5.1 A cycle pairy is good if and only if there is a cycle breaker that actsyon

Proof: If vis good then there arg v in the same cycle of and in different strands of. The
reversal(u, 7l'v) is a cycle breaker acting on

Conversely, lep(u, v) be a cycle breaker of. Thenu, v are in companion cycles. But then
u, 7['v are in the same cycle afand in different strands of. [ ]

6.5.2 Interleaving Cycles

Two cycle pairsy; and~, interleave when there are reversals acting onry; andp, acting on

2 such thatp; pom # pap1m. We can construct a graph where each cycle pair is a vertelx, an
interleaving cycle pairs are joined by an edge. A connectedponent of this graph igood
when there is at least one good cycle pair in it. Otherwisgattdiad component.

Theorem 6.5.21f all components are good, then
'l

o

d(m,0) = 5

6.6 Conclusions

We propose a new way of looking of genomes as permutatiorestt@t is more comfortable
for those that have experience in permutation groups. Maotams do be done, but we feel
this is the right way to attack difficult problems.
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The Genome Distance Problem by Fusion,
Fission, and Transposition is Easy

Zanoni Dias

Jaao Meidanis

Abstract

Given two genomes represented as circularly ordered segseaif genes, we show a
polynomial time algorithm for the minimum weight series osion, fissions, and transpo-
sitions (with transpositions weighing twice as much asdusiand fissions) that transforms
one genome into the other. The algorithm is based on classmualts of permutation group
theory and is the first polynomial result for a genome reaeament problem involving
transpositions. It has been observed in real biologicdhimes that transpositions occur
with about half the frequency of reversals. Although we areusing reversals in this study,
this observation motivated the double weight assighedttspositions.

*Trabalho depositado como Refatio Técnico no Instituto de Computdéip da Unicamp em julho de
2001, sob o amero IC-01-07. Este artigo foi apresentado r&tring Processing and Information Retrieval
(SPIRE’'2001) realizado na Laguna de San Rafael, no Chile, @wvembro de 2001.
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7.1 Introduction

With the advent of fast sequencing techniques, we are véingsoday a spectacular increase in
the quantity of molecular data (DNA and protein sequenddsye than 40 complete microbial
genomes are known now, and about 170 others are in progre4k [Lhe great challenge we
face now is how to process this huge amount of data and extrauntit relevant biological
information that could help design drugs, understand lifé disease, improve crops, and so
on. One way to structure this information is by comparatigaagnics, where we analyze data
coming from distinct species and learn from the similasiaed differences in related genomes.
Among the several proposed ways of comparing genomes,gh@fgenome rearrangements
has received a lot of attention recently [8, 7, 61, 64, 62,%5,117, 28, 30, 119]. In this
area, very large DNA molecules (usually entire chromosoondsrge pieces of chromosomes)
are investigated with respect to the relative order of gemeésem. The goal is to determine
a rearrangement distance, which is the minimum number ofaregement events that could
explain the differences between two such DNA molecules.

Many different events have been considered. Reversalspositions and translocations
are the best studied ones from a theoretical point of viethpabh in practice events such as
duplications and deletions are at least as important. Asefarsals are concerned, Hannen-
halli and Pevzner presented the first polynomial time atbori [64], subsequently improved
by Kaplan, Shamir, and Tarjan [73]. Caprara showed thatetiersal problem is NP-hard if
we disregard the orientation of genes [21]. HannenhalliRexizner also solved in polynomial
time a multi-chromosomal problem involving translocatidmsion and fission [62]. Bafna
and Pevzner [9] studied the transposition distance betiveetinear unsigned chromosomes,
presenting several approximation algorithms, the beshaneg approximation factar.5 and
running inO(n?) time, and suggesting some open problems. Christie [30kddwan alterna-
tive 1.5-approximation algorithm that runs i(n?) time. Guyer, Heath, and Vergara [58] im-
plemented several algorithms for computing the transjpostistance, based on subsequences
and runs in a permutation. Christie [28] proposed and sdlvegroblem of block-interchange
distance. A block-interchange can be viewed as a genetializaf a transposition. In a block-
interchange two non-intersecting substrings of any leagéhswapped in the permutation. In
a transposition the substrings must be adjacent. Trangposiistance seems to be a harder
problem, that has eluded researchers for many years nowortiputational complexity is still
unknown.

We show a polynomial time algorithm for the minimum weightieg of fusion, fissions,
and transpositions (with transpositions weighing twicaragh as fusions and fissions) that
transforms one genome into the other. The algorithm is basediassic results of permutation
group theory and it is the first polynomial result for a genosarangement problem involving
transpositions. It has been observed [16] in real bioldgisdances that transpositions occur
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Ry

Figure 7.1: A multi-chromosomal genome.

with about half the frequency of reversals.
In the following sections we present definitions, the masuheof this work, proof sketches
and conclusions and plans for future work.

7.2 Definitions, Modeling, and Results

A permutation in group theory is a one-to-one mapping from a Bdnto itself. We will use
permutations to represent genomes with circular chromesoithe standard notation [87] for
permutations is to represent in parenthesis an elemepivfetl by its successive images. For
instance, ifE = {1, 2, 3,4, 5} the permutatiorx such that

is represented as
(13254).

The representation is not unique since we could have stattad element other than 1:
(25413),(54132), etc. are all equivalent.

In our model, the sek’ is the set of genes of the genome and the permutation indibate
genes follow each other in the chromosomes. Only circulesralbsomes can be represented in
this way, but an easy translation of results from circuldirtear chromosomes exists [90].

Permutations represent also multi-chromosomal genonaesnstance, ifE' = {1, 2, 3, 4,
5,6, 7} the permutatioril 5 4 3)(2 7 6) represents the genome depicted in Figure 7.1.

An elementr if fixed under a permutation whena(x) = z. Fixed elements can be omitted
in the parenthesized notation for permutations. For irgtaif« is such that
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then we can writev = (23 4), ora = (234)(1) ora = (1)(2 3 4)(5). The missing elements
are implicitly understood as fixed. Tiseipport of a permutationy is the set of elements not
fixed by . In the preceding example, we ha¥epp(«) = {2, 3,4}. The identity permutation,
denoted simply by 1 (without parenthesis), fixes all elemantd has empty support.

Permutations can be composed as mappings. This defines @ecpodgpermutations. For
instance, ifE = {1,2,3,4,5,6},a = (23 4)andf = (315 26 4) we haveap defined as
af(x) = a(f(x)) forall x € E, and thereforevg = (1 5 3)(2 6). Any two permutations over
the same set can composed in this way. The operation is agecthe identity permutation is
the identity element, and every permutatiohas an inverse ! [87].

Composition of permutations is important in the context ehgme rearrangements for at
least two reasons:

e Some permutationg with small support can be viewed as rearrangement eventss
then the result of eventacting on genome.

¢ Given two genomes andr, the productw—'describes in some sense the “differences”
between the two genomes.

For instance, fusions and fissions can be seen as permustafisnpport size 2, and trans-
positions can be seen as permutations of support size 3, agllvgee shortly. In addition, our
main result establishes that the distance between two gesioam be computed asninus the
number of cycles i ! (see Section 7.2.1 for a formal definition of cycles).

7.2.1 Orbits and Cycles

Any permutation can be written in a unique way as the prodticydes disjoint support (dis-
joint cycles). To understand cycles we need first the dedimitif orbit. An orbit can be defined
intuitively as a set of the form, a(z), o?(x), . .. for some element. Since we are dealing with
finite sets, orbits are always finite, that is, there is a pasittegerk such thai®(z) = z. A
more formal definition is given below.

Definition 7.2.1 Anorbit of a permutationy is a minimal set of element$ such that for any
two elements, y € A there is an integet such thato*(z) = y.

For instance, ifE = {1,2,3,4,5,6} anda = (2 3 5)(1 4) then the orbits aré2, 3,5},
{1,4}, and{6}. Restrictingx to one of its orbits we obtain what is called a cyclewofFormally,
we have the following definition.

Definition 7.2.2 A cycleof a permutationx is a permutations such that there is an orbit of

a with W if 4
alrx) Mz e
B(x):{x ifeeg A
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For instance, iff = {1,2,3,4,5,6} anda = (2 3 5)(1 4) then the cycles of are(2 3 5),
(14), and(6). A permutation that is a cycle of some permutation is callegly acycle The
sizeof the cycle is the number of elements of its non-singletdnitaf there is one, or 1 if all
orbits are singletons. A cycle of sizes also called &-cycle

It is important to note here a potentially confusion terniagy used in the literature. The
term “transposition” is used in permutation group theoryamag 2-cycle. The same term
“transposition” is used in biology meaning a block move inemgme. Unfortunately, in both
areas the term “transposition” is well-established ang vetikely to change. We had to make
a choice in this paper, and decided to keep the biologicahimgaWhenever we need to refer
to the group theoretical meaning of “transposition” we wike 2-cycle instead.

7.2.2 Rearrangement Events

We will define now the rearrangement events that are the mdujest of this paper: fusion,
fission, and transposition. Intuitively, a fusion joins talmomosomes into one; a fission breaks
a chromosomes into two; and a transposition moves a bloakrfexutive genes from our place
into another in the same chromosome.

Formally, fusions and fissions correspond to 2-cycles. Gae-cyclep = (x y) and a
permutationr, we have the following classical results:

e if x andy are in the same cycle af, then inpx this cycle is broken into two cycles, one
containingr and the otheyy (among others elements). The remaining cycles afe left
unchanged.

e if x andy are in the distinct cycle of, then inpr these two cycles are joined into one.
The remaining cycles af are left unchanged.

These classical results show that 2-cycles correctly miodens and fissions, because the
cycles of a permutation correspond to circular chromosarhagienome. However, notice that
p = (x y) can act as a fusion for some genomes and as a fission for offfersefore, being a
fusion (or a fission) is not an intrinsic property @but rather depends also on the genanan
which p is being applied. Nevertheless, all fusions and fissionsapéured by 2-cycles.

Formally, transpositions correspond to 3-cycles. AgaBrcgcle is not intrinsically a trans-
position, but rather its transposition status depends®pdlticular genome on whichitis being
applied. More specifically, a 3-cycle= (z y z) is a transposition when it acts on a genome
m where the elements,y,z are all in the same cycle and appear in this order in the cye.
instance, ifp = (73 2)and7m = (715326 4) thenpr = (715264 3) andp models a
transposition.

We are now ready to define our problem formally. Given two gees represented by
permutationsr ando over the same set of genes, find a series of eygnis, . . ., p, such that:
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® PkPk—1---P2P1T =0

e eachyp; is a fusion, fission or transposition for the genome p; 5 ... p2pym on which it
acts, and

o XF jw(p;) is minimum, wherew(p;) is 1 if p; is a fusion or fission, and 2 i; is a
transposition.

The minimum value oE¥_,w(p;) is called the distance betweerando.

The main result of this paper is that the problem just defisesbivable in polynomial time,
This follows from a classical result in permutation groupdly as we will see in the next
section.

7.3 Proof Sketches

In this section we will sketch some of the proofs need in ouinmasult. We begin with some
additional definitions, continue with a formal statementhef main result, and finish with the
proof sketches.

Definition 7.3.1 A permutationp is a valid eventfor another permutation (genome) with
either:

1. pisa2-cycle, or

2. pis atransposition when applied ta
In case (1) theveightof p, denoted byu(p), is equal to 1; in case (2} (p) = 2.

Notice that ifp is a valid event forr thenp ! is a valid event fopr. In other words, valid
events can be “undone” by other valid events of the same weigh

Definition 7.3.2 An ordered sequence of permutatiops (., . . ., px) IS aseries of valid events
leading from~ to o when:

e eachp; is avalid event fop;_p;_s . . . p2p17, and
® PrPk—1---P2PAT =0
We are interested in such a series with minimum total weightw(p;).

Definition 7.3.3 For a permutation, let ¢(«) denote the number of orbits of. For two
permutations (genomes)ando, letc(r, o) denote the number of orbits ofr .
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For instanceg(m, 7) = n for any genomer, wheren = |E| is the number of genes.

Definition 7.3.4 Given two permutations (genomesando and a valid evenp for 7, denote
by Ac(p, 7, o) the value:
AC(p, ™, U) = C(pﬂ'a 0) o C(ﬂ'a 0)

The quantityAc(p, 7, o) is the increase in the number of orbitscof~! whenr is replaced
by pr. If this number is positiveyr is “closer” too thent was.

Definition 7.3.5 A valid evenp for 7 is good with respect te when:
Ac(p,m,0) = w(p)
Our main result can be stated as follows.

Theorem 7.3.1 Given two permutations (genomesando, the distance between thenvis-
c(m, o).

The proof relies on the following two lemmas.
Lemma 7.3.1 For any series of valid eventg,(, ps, . . ., px) leading fromr to o we have:

Zk:lw(pl) >n— 0(71—7 0)

)

with equality if and only if each; is good forp;_1p;_s . . . p2p1 7 With respect tar.

Proof: Suppose that
PkPk—1- - P21 = O (7.1)
Eachp; is a 2-cycle or a 3-cycle, but any 3-cycle can be written a®dymt of two 2-cycles.
Replacing every 3-cycle of equation (7.1) by a product oy@es, we have:

Cr/Cri—1 . ..CoC1TT = on 1

where eaclhy; is a 2-cycle. The number of 2-cycles involved is just:
kK= Ef:lw(Pz')

since 2-cycles have weight 1 and 3-cycles weight 2. But tiseseclassical result that says that
if a permutation can be written as a product of 2-cycles, the number of 2-syiclat least
n — c(«a) [87].
Therefore,
K >n—c(a)

or
Zf:lw(pl) >n— 0(71—7 0)
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Lemma 7.3.2 Given two distinct permutations (genomesgndo, there is always a good event
for 7 with respect ta.

Proof: Sincer # o we haveor~! # 1 and there is @&-cycle inor~! with k¥ > 2. Chooser
andy as two distinct elements in thiscycle. We claim that the evept= (z y) is valid for =
and is a good event with respectdto

The evenp is valid for 7 since it is a 2-cycle, and therefore is either a fusion or &ofilss
m. Itis a good event with respect tobecause of the following argument. By choice we know
thatp splits a cycle obr~! into two. Therefore,

c(on™tp) = clor™!) +1
In addition,p is a 2-cycle s = p~!. But then:

Alp,m,0) = clpm, o) —c(r,0) =clor™ p™h) —clon™)

= clom ) +1—clon ) =1=w(p)

|
This suggests the following algorithm for finding the distaand an optimal series of events
leading fromr to o.

FUSION, FISSION, AND TRANSPOSITIONDISTANCE()
1 Inputrm, o

2 d<0

3 Whilen # 0

4 dop < any valid event forr which is good with respect to
5 outputp

6 T 4— pm

7 d+—d+1

8 outputd

The complexity of this algorithm i§)(n?), because the main loop is executed at most
times and consumes at mossteps per iteration. Lemma 7.3.2 guarantees that step 4llis we
defined.

7.4 Conclusions

We have shown how a classical result on permutation grogas | a polynomial time algo-
rithm for weighted genome rearrangement distance invglfiisions (with weight 1), fissions
(with weight 1), and transpositions (with weight 2). Thistle first complexity result for a
rearrangement problem involving transpositions. We hbperesult can be extended to more
general problems, involving other events, arbitrary widgand signed genomes.
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The Genome Rearrangement Distance
Problem with Arbitrary Weights *

Zanoni Dias

Jaao Meidanis

Abstract

Recently we have shown that given two multi-chromossomabges it is easy to com-
pute the minimum weight series of fusions, fissions, andspasitions needed to transform
one genome into the other, when the weight associated tsptaitions is twice as large
as that associated to fusions and fissions [91]. In this wakpresent several results on
the computation of distance when an arbitrary weight is@ased to transpositions. Some
variations of the problem are also studied. For instancere®semt a polynomial time algo-
rithm for the problem of syntenic distance when only the ¢éverifusions and fissions are
admitted.

*Trabalho depositado como Refatio Técnico no Instituto de Computap da Unicamp em marco de 2002,
sob o fimero 1C-02-01.
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8.1 Introduction

In the last years genomic science displayed astonishingraeés. Hundreds of genomes, from
organisms ranging from viruses and uni-cellular organisoth as bacteria all the way up to
human beings, had their gene content uncovered [114]. Aadniihd-boggling rhythm does
not stop: every week new genomes are announced. In thisxt@nteew challenge emerges:
how to relate the huge quantity of genetic information ald#é nowadays?

The area of Genome Rearrangements has progressed a gotglidgdab answer this ques-
tion. In this area we compare two genomes taking into accthnorder of this genes, rather
than the gene sequence as is done in classical sequencersamp&ome studies, for instance,
the one done by Palmer and Herbon [101], show that the cosgradf gene order leads to
conclusions quite compatible with the real evolutionamrsgio of the species.

The main rearrangement events are reversals, transpasibtock-interchange, transloca-
tions, fusions, and fissions. A reversal inverts a contiguggion of a genome, and flips the
orientation of the genes, in case the genome has this infmmaA transposition exchanges two
adjacent regions of a chromosome, while a block-interch@xghanges two arbitrary, contigu-
ous regions of a chromosome. A translocation exchangesngdiom distinct chromosomes.
A fusion joins two chromosomes together and a fission divadlesromosome into two new
ones.

The main results obtained in this area recently are theviitig. Hannenhalli and Pevzner
presented the first polynomial-time algorithm for the reaédistance problem when gene ori-
entations are known [64], with faster and faster algoritietasely following [13, 73, 6]. Caprara
proved that the reversal distance problem is NP-Hard whenfoomation on the orientation of
the genes is given [21], and in this case, the best approximalgorithm, with a performance
ratio of 1.5, was proposed by Christie [29].

The transposition distance problem has been studied byaBafd Pevzner [9]. They pre-
sented an approximation algorithm for the problem with penfance ratio of..5. Alternative
approximation algorithms were proposed by Christie [3@| @ralter, Meidanis, and Dias [121].
The complexity of the transposition distance problem stiknown.

The block-interchange distance problem was proposed dmddsby Christie [28]. The
distance problem involving translocation, fusion, andidissvas solved by Hannenhalli and
Pevzner [62].

In a previous work, we presented the first polynomial-tingmethm for distance problems
involving transposition [91]. We exhibited an algorithnattinds a minimum cost series of the
events fusion, fission, and transposition, when a trangposiosts twice as much as a fusion
or fission, needed to transform a genome in another. The iflkaving a larger weight for
transpositions came from the fact that experiments havwerstioat transpositions occurs with
about half the frequency of reversals in real biologicatanses [16]. The main result of this
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last work is based on properties of permutation group.

In this work we presente several results on the fusion, fissaod transposition distance
problem when the weight associated to transpositions isranp Variants of the problem are
also studied, for instance, the syntenic distance problé&@nwust fusions and fission are al-
lowed. In this case we show a polynomial-time algorithm dasepartial results on the syntenic
distance using fusions, fissions, and translocations dpedlby Ferreti and colleagues [48], and
later by DasGupta and colleagues [38].

In the following sections we define more formally the problefhrcomputing the fusion,
fission, and transposition distance, with emphasis on tke wdere we associate an arbitrary
weight to the transposition event. We present also inegeslinvolving the versions of the
distance with weight two and with another weight associ#etanspositions. We then show
that the problem of computing the fusion, fission, and trasgmn distance with arbitrary
weight is at least as difficult as computing the transpasitistance. We show also a variation
of our main problem: the syntenic distance problem with fustons and fissions. Finally, we
present conclusions and ideas for future work.

8.2 The Fusion, Fission, and Transposition Problem

Before attacking the problem with an arbitrary weight giveriranspositions, let us formally
define the original problem tacked by Meidanis and Dias [91].

Definition 8.2.1 Given two genomes and o, denote byd(r, o) the weight of a minimum-
weight series of fusions, fissions, and transpositionstthasformr into o, when we associate
weightl1 to fusions and fissions, and weighto transpositions.

In their original work, the authors show théfr, o) can be computed in polynomial time,
with anO(n) algorithm, where: is the number of genes in the genoméor in o).

A natural question is then: what can we say about this prolben an arbitrary weight
is used instead df for transpositions? The present work answers this queptcinally.

8.2.1 Using Arbitrary Weights for Transpositions

Here we consider the fusion, fission, and transpositioradcs problem between two genomes
when the weights associated to the mutational event$,dreandw, respectively. In this case
we denote byl (7, o) the distance between the two genomes.

In the sequel we show a few basic facts about the relationdsatd(r, o) andd,, (7, o).

Lemma 8.2.1 For w > 2 we have:

d,(m,0) =d(m, o).
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Proof: Itis easy to see that every transposition can be replacedissian-fusion pair. There-
fore, every optimal series of events when transpositions gightw > 2 is composed solely
by fusions and fissions. But by results of Meidanis and Dia§ @very optimal series of fusions
and fissions that transformsinto o has weighti(r, o). |

In the sequel we will show some propertiesigf, o).

Lemma 8.2.2 For w > 0 we have:
d,(m,0) <d(m, o).
Theorem 8.2.1For 0 < w < 2 we have:
d(m,0) < zdw(7r,0).
w
Proof: Letpy, po, ..., pr be an optimal series of events such that:
PkPk—1-..-P1T = O,

considering weight for transpositions. If.-(p1, p2, - - -, px) iS the number of transpositions in
the optimal seriep,, pa, ..., pr andns(p1, p2, - - -, pi) is the number of fusions and fissions in
this series, we can write:

dy(7,0) = nsp(p1, P2, - -5 pr) +wne(pr, p2s -5 Pi)
However, we can also write:
d(ﬂ—a 0) S nff(pla P25, Pk) + 2nT(p17 P2y 7pk)7 (81)

because, after alh;, p, . . ., px IS One possible series of events leading froto . Multiplying
Equation 8.1 byv/2 we get, successively,

w w
§d(7r’0) < §nff(p17p27-"7pk;) +Wn7—(p1,p2,...,pk)
< nff(plaPZa---;plc)+wn7(p1,p2,...,pk)
= dw(’/T,O'),
sincew/2 < 1. .

From Lemma 8.2.2 and Theorem 8.2.1 we have the followingtesu

Theorem 8.2.2 For 0 < w < 2 we have:

[\

d,(m,0) <d(m,0) < —d,(m,0)

S
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Therefore, we may conclude that the algorithm for the fusi@sion, and transposition
(with weight 2 for transpositions) presented by Meidanis and Dias [91hisjpproximation
algorithm with performance ratié for the problem where the weight of a transpositiowjs
with0 < w < 2.

The next theorem indicates a sufficient condition for a fpasgion with weightu, used on
an optimal series that transformsnto o, to be used on an optimal series that transforrmgo
o when transpositions have weight

Theorem 8.2.3Let7 ando be two genomes, anda transposition. I, (7, o) = d,(t7,0) +

w, d(m,0) < ﬁ andl < w < 2, thend(r, o) = d(7m,0) + 2.

Proof: First we notice that the hypothesis(r, o) = d, (77, 0) + w impliesw < 2, and that

d(m, o) < ﬁ impliesw > 1.
Assume thatl, (7, o) > d, (77, 0) + w. We have then:
d(m,0) > dy(m,0)
> dy(rmo)+w
S wd(1m,0)
- 2
Rewriting,

2d(m,0) > wd(rm,0) + 2w
d(m,0) > wd(tm,0) — d(m,0) + 2w
d(m,0) > d(tm,0) + (w—1)d(rm,0) —d(m,0) + 2w
If we could prove prove that

(w—1)d(rm,0) —d(m,0) + 2w > 1 (8.2)
the result follow, becausé(r, o) is an integer and we would have
d(m,0) > d(rm,0) +1 > d(rm,0) + 2.
Therefore, our goal is to prove Equation (8.2). Given that
d(rm,o) > d(m,0) — 2
and because — 1 is hon-negative, it suffices to prove that
(w—1)(d(r,0) —2) —d(m,0) +2w>1

which, by straighforward algebraic manipulation, is eqlewnt to
1
(2-w)

d(m,0) <

provided thatv # 2.



104 Capitulo 8. The Genome Rearrangement Distance ProblemAskiitrary Weights

8.3 Relationship Between Evolutionary Distance Problems

In this section we will show a relationship between the distaproblem involving fusion,
fission, and transpositions when the weight associatea@anspositions is part of the input, and
the (pure) transposition distance problem. The transpogitroblem has been studied intensely
in the last years [9, 93, 30, 119], but its computational clexipy is still unknown.

Theorem 8.3.1 The distance problem involving fusions, fissions, and passgions when the
weight of transpositions is part of the input is NP-Hard iéttnansposition distance problem is
NP-Hard.

Proof: We will show that it is possible to polynomially reduce thartsposition distance
problem to the distance problem involving fusion, fissiarg arbitrarity-weighted transposition
(DPFFWT).

Given an instance of the transposition distance problersisting of two genomes ando,
we will build an instance for the DPFFWT as follows. We usedkeaomesr ando as part of
the input, and select = 1/n, as the weight to given to transpositions, whers the number
of genes inr (or in o).

We know that given two genomesand B with onen-gene chromosome each, it is possible
to transform one into the other with at mast- 1 transpositions [9]. Therefore, we can solve
our instance using transpositions alone at a €g&t, o) < 1, and no fusions or fissions will be
used.

The series of events obtained for the DPFFWT is also an opsiengs for the transposition
distance problem, because of the value chosen fofrhe value of the transposition distance
can be obtained as follows; (7, o) = nd, (7, o).

Therefore, we may conclude that if the transposition distgroblem is NP-Hard, so is the
DPFFWT. [ |

Two observations are in order with respect to the value.dfirst, notice that any series of
events transforming a mono chromosomal genani&o another monochromosomal genome
o using at least a fusion or a fission will have weight at I@adtlence, we could have chosen
w = 2/n. Second, if the conjecture by Meidanis, Walter e Dias [93]utlithe transposition
diameter is correct, we would have, = [(n — 1)/2| + 1, and hence any value farsuch that
0 <w < 4/(n+ 1) would suffice.

In the next section we treat the problem where transpositi@ve zero weight. Notice
that in this case any transformation affecting only one stosome has cost zero. Therefore,
we are in fact interested in guaranteeing that the two gesdraee the same sets of genes as
chromosomes, regardless of the order of these genes intthie e¢her words, we are talking
about the synteny problem using only the events of fusionfigsobn.
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8.4 The Syntenic Distance Problem

Ferretti and coworkers [48] proposed a distance measute avttigh degree of abstraction,
where the order of genes in a particular chromosome is unkravignored. The genome of

a species is then just a collection of gene sets. Each setspamd to a chromosome. In this
synteny context a gene may occur several times in a genomdefivie two types of operation:

fusion and fission. Fusion correspond to set union, and figsidivision of a set into B and

C such thatd = B U C. Notice thatB andC may have genes in common. Originally the
problem was proposed with a third operation, translocatiamch exchanges subsets of two
chromosomes.

The syntenic distancbetween two genomes in our context is the minimum number-of fu
sions and fissions necessary to transform the genome of eesjpeo the genome of the other
species. We denote lad,,,;c...c (7, o) the syntenic distance between genomesdo.

Observe that, given two genomes, it is always possible testoam one into the other us-
ing only fusions and fissions, when both genomes have the garmeeset. The justification of
this model is as follows: for many organisms the informatioat specifies the gene order in a
chromosome (physical map) is not known, but the distrilbutibgenes in each chromosome is.
Even with such incomplete information it is important to avprecise definition of an evolu-
tionary distance based on genomic events, and the syntesténde, or just synteny, provides
this definition.

DasGupta and colleagues [38] studied the synteny probleenvilisions, fissions, and
translocations are permitted. They have proved that tlublpm is NP-Hard, and showed an
approximation algorithm with a facta@. They have also proved that the median problem for
three genomes using synteny with the three operations amattiabove is NP-Hard, and that
in this case it is possible to obtain approximation algonishwith factor4 + ¢ for anye > 0.
Several of the results presented here on synteny are aratidapif results from DasGupta et.
al. [38] for the problem when only fusions and fission arevadid.

Lemma 8.4.1 Letw ando be two genomes with the same gene set. Then welhayg;.(, o)
= dsyntenic(aa 7T)'

Proof: Given a series of events transformingnto o it is easy to revert each operation (the
reverse of a fusion is a fission and vice-versa) to obtain i@sef operations frons into .
Hence, the minimum series has the same length in both directi [ |

8.4.1 The Compact Representation

Ferretti, Nadeau and Sankoff [48] defined a compact reptaten for the synteny problem.
Given two genomes ando it is possible to obtain a compact representation of thelprob
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with respect tar using the following method. For each chromosamef the genomer create
chromosomer; = {i} in 7. For each chromosomg of o creates’; = U,e,, {y|z € m,}.
For instance, let = {m, 9, 73} ando = {0y, 05} with:

m = {CL, b7 C},7T2 - {b7 d) 6},7T3 - {fag}

o1 = {ba & d; fag}JUQ - {CL, ba 6}
The compact representation of the problem with respettiso

m = {1}, {2}, {3}}
o' = {{1,2,3},{1,2}}

Analogously we can define the compact representation wsthew tor. For each chromo-
somer; of 7, creater; = U,e, {y|z € o,}. For each chromosoms of o creates = {j} in
o”. The problem above becomes:

T = {{17 2}7 {17 2}7 {1}}
o = {{1},{2}}

The following results have been proved by DasGupta et. 8]. [3

Lemma 8.4.2 Letn’ ando’ be the two genomes that form the compact representatiorantl

o with respect tar. There is al — 1 mapping between each operation (fusion or fission) used
to transformr into o and each operation used to transforrhinto o, that is,dypsenic (7, 0) =
dsyntenic(’/rla OJ) .

Given two genomes ando, the problem involving the compact representation witipees
to 7 and the problem involving the compact representation wedpect tar are calleddual
problems. The following result shows the relationship between duabfems:

Lemma 8.4.3 Let 7 ando be two genomes over the same set of genesr’latd o’ be their
compact representation with respectto and 7", ¢” be their compact representation with
respect tar. Thend,ytenic(m', 0') = dsyntenic (1", 0").

DasGupta and colleagues [38] have shown also an algoritlooristruct the compact rep-
resentation with respect to a given genome.

Lemma 8.4.4 If m ando haven andm chromosomes, respectively, and if each chromosome is
asubsetofl,2,...,k}, thenitis possible to construct the compact representatiibh respect

to 7 (or with respect tar) in time O((k + nm)a(k,n + m)), wherea(z, y) is the inverse of
Ackerman’s function [34].
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The functiona(z, y) grows very slowly, and therefore it is reasonable to expeetaigo-
rithm to exhibit aO (k + nm) behaviour in practice.
We define the synteny problem using the compact represemiagi follows:

Definition 8.4.1 Letn be a genome with chromosomes with each chromosome being a subset
of {1,2,...,n}. The synteny problem is to compute the minimum number ohfasid fission,
denoted byl senic(7), Needed to transform into the genomég{1}, {2},...,{n}}.

8.4.2 The Canonical Order

The synteny distance problem has an important charaateniately found in genome rear-
rangement problems: a canonical order for the mutationtsven

Lemma 8.4.5 For any series of events that transformanto o, with « fusions and fissions,
there is a series transforminginto o, usingu’ < u fusions and’ < v fissions, but where all
fusions occur before the fissions.

Proof:

Let p1, po, ..., pr @ny sequence of events that transformmto o. If all fusions occur
before the fissions there is nothing to be done. Let us thamesthat there is < k£ such that
i is the largest integer with; being a fission ang,,; being a fusion. We will construct a new
Seriesp, pa, - . -, Pi—1, Pis Pip1» Pit2, - - - Pk With pi being a fusion ang;, , being a fission, or
conclude thap; andp;,; can be supressed. Repeating this procedure as many timesaedn
we obtain the desired series.

Suppose that fissiop transforms chromosomé of genomep; 1p; 5 ...piwinto A’ e A”,
with A = A’ U A”. Likewise, suppose that fusign,, transforms chromosome$ and B” of
the genome;p;_; ... p17 into B, with B = B’ U B”. We have three cases:

¢ If each of the two chromosomet and A” created by fissiop; is different from bothB’
andB", then we take); = p; 1 andpj_, = p;, Since the two events are interchangeable.

e If A" and A" are the same aB’ and B”, thenp; andp;,, are inverses of each other and
can be supressed.

e In the remaining case one of the chromosomgsd” is equal to one o', B”. Without
loss of generality, suppos# = B’. We have then that the net effect@fplusp;., is to
transform chromosomes$ andB” of genomep; 1p; » ... pym into chromosomed” and
B of genomep;,1p; ... p1m. This effect can be also obtained by takinggashe fusion
that transformsd and B” into A U B”, and asp;,, the fission that transformd U B”
into A” and B. This last fission is a valid operation becausel B” = A" U A’ U B" =
A"UB'UB"=A"UB.
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8.4.3 Lower Bound

In this section we will show a lower bound for the synteny peaibusing a data structure named
synteny graph.

Definition 8.4.2 Given a genomer, the synteny graplir,,....c(7) has one vertex for each
chromosome ofr. Two vertices are adjacent if and only if the correspondihgpsmosomes
have a nonempty intersection.

Lemma 8.4.6 Letw be an arbitrary genome with genes ang the number of connected com-
ponents of,,..nic(7). Then at least — p fissions are necessary to transforninto ¢,,.

Proof: By definition Gypienic(1n) hasn connected components, and therefore any series of
events that transformsinto +, must increase the number of connected componenis-by.

We need to determine how the mutation events affect the sympeaph. A fusion merges two
vertices into a single one. If the two vertices are in the saomnected component, the number
of connected components does not change. If the verticaa distinct components, then the
number of connected components will decrease by one. Afligsithe opposite of a fusion,
and therefore the number of connected components willreieain the same or increase by
one. We conclude that at least-p fissions are necessary to transfay),.c...(7) into a graph
with n connected components. [ |

Lemma 8.4.7 Consider a genome with n genes and: chromosomes. Let be the number
of connected components of the gra@h),.c..c(7). Then at least — p fusions are needed to
transforms into ¢,,.

Proof: Let py, po, ..., pr be any series of events transformingnto ¢, with u fusions.
According to Lemma 8.4.5, it can be chosen so that the(fitstu events are fusions and the
remaining events are fissions.

Thenm, = pypi—1 ... p1w IS @ genome that can be transformed intaising fissions only,
that is,; cannot contain chromosomeisand B with A N B # (. It follows that every con-
nected component a@F,,....ic(m) iS composed of a single, isolated vertex. Since fusions do
not increase the number of components, the number of cogtheomponents i/, enic (1)
is at mostp.

A fusion always decreases the number of vertices by one. &vkevgth ¢ vertices and, after
all fusions are applied, we end up with at mpstertices (one vertex per component). It follows
that! > ¢ — p, and, therefore, that > ¢ — p. [ ]

Combining Lemmas 8.4.6 and 8.4.7 we can state the followirgrem proposing a lower
bound for the syntenic distance using the events of fusidifiasion.

Theorem 8.4.1 Consider a genome with n genes and: chromosomes. Letbe the number
of connected components@f,,ienic(7). Thendsynenic(m) > n + ¢ — 2p.
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8.4.4 The Polynomial-Time Algorithm

In the sequel we exhibit an algorithm that computes the symtlistance and yields an optimal
series of events that transforms a genonweth n genes inta,,.

SYNTENIC DISTANCE()
1 Inputim, n

2 N fusions < 0

3 N fissions < 0

4 Determine the connected componefitsCy, . . ., C, of Gsynienic(T)
5 fori« 1top

6 do While |C;] > 1

7 do p < any fusion involving two chromosomes andY” of C;

8 T 4— pm

9 N fusions — N fusions +1

10 Printp

11 RemoveX andY and addX U Y to C;

12 forj« 1top

13 do While C; has a chromosom& with more then one gene

14 do p < any fission ofX into disjoint parts4 and B

15 T 4= pm

16 N fissions — N fissions +1

17 Printp

18 RemoveX and addA andB to C;

19 OUtpUt:nfusions + N fissions
Figure 8.1: An algorithm for syntenic distance.

Theorem 8.4.2 Consider a genome with n genes and chromosomes. Let be the number
of connected components of the gra@l)nienic(7). Thend,ynenic(m) = n+ ¢ —2p and it is
possible to obtain an optimal series of events transformirigto «,, in O(n* + nca(nc,n))
time.

Proof: According to previous results, the algorithm in Figure 8t@duce a series of events
that transformsr into «,,. Let us compute the number of fusions and fissions used. E@aimf
decreases the number of chromosomes by one. Initiattlgntains: chromosomes and after all
fusions are applied we end up with exagtlghromosomes (one for each component). Therefore
we used: — p fusions. Regarding the fissions, each one creates a new choone. Because

at the end of the algorithm we hawechromosomes, the number of fissionsuis- p, which
implies thatdy,ienic(7) < n + ¢ — 2p. Using Theorem 8.4.1, we conclude that this is in an
exact algorithm for the synteny problem.
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The most time-consuming step of the algorithm is the one dke&grmines the connected
components of the synteny graph (lig without explicitly constructing the graph. This step
can be implemented with a union-find structure, using utigstank and path compression,
in time O(nca(ne,n)) [34]. We construct the chromosome lists of each componetitria
proportional to the sum of the component sizes, that ig){nc) time. Each iteration of the
loop on liness-11 takesO(n) time, and therefore the entire loop tak@snc) time, since it is
executed)(c) times. Likewise, each iteration of the last loop (lirn@s18) takesO(n) and the
total time isO(n?) because it is executed(n) times. We conclude that the algorithm runs in
O(n? + nca(ne,n)) time. u

8.4.5 The Synteny Problem with Indistinguishable Genes

In the sequel we define a variation for the synteny problenreee do not know the order
of the genes, nor do we have sufficient information to idgntihich genes are in which chro-
mosomes. All we know is the number of genes in each chromosénoiromosome will be
represented simply by an integer, and a genamell be a set of integers (with multiplicity),
with |7 | indicating the number of chromosomes.

A fusion acting on two chromosomes withands genes, transforms them into a new chro-
mosome witht = r 4+ s genes. A fission acting on a chromosome witlienes transforms it
into two new chromosomes withands genes{ = r + s).

This model, where we do not have qualitative informationf@genes, but only their quan-
tity, is compatible with hybridization experiments invalg promoters [49]. These experiments
are a fast and simple way of obtaining a good idea on the nupflggmes in a chromosome.

We define syntenic distance problem between two genonaeslos with indistinguishable
genes as the smallest number of mutation events (fusionBssmahs) that transform into o,
and we denote this distance By,,enic(, o).

Lemma 8.4.8 Given two arbitrary genomes ando, we havels,,enic(m, o) >| |7| — |o] |.

Proof: If |r| > |o| at least|r| — |o| fusions are needed to transforminto o, since each
fusion decreases the number of chromosomes by one. Likeifige] > |o| then at least
lo| — |=| fissions are needed to transformnto o, since each fission increases the number of
chromosomes by one. [ |

Lemma 8.4.9 Given two arbitrary genomes ando, we havel,,,enic(m, o) < |7| + |o| — 2.

Proof: We can easily transforminto o using the following algorithm: merge all chromosomes
of 7 into one single chromosome. With| — 1 fusions we can accomplish this transformation.
Then apply a series of fission so that the chromosomesas€ created. For this task| — 1
fissions suffice. In this way it is possible to transforrto o using|n| + |o| — 2 events. W
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Theorem 8.4.3 Given two genomes ando, we have:
| |7 = lo| 1< dsyntenic(, 0) < 7] + |o] — 2.
Theorem 8.4.4 The syntenic distance problem with indistinguishable gea®&lP-Hard.

Proof: We will show that we can reduce the partition problem polyraiy to the syntenic
distance problem with indistinguishable genes.

The partition problem can be defined as follows: given aset {ai,as,...,a,} of
positive integers, determine whether there exists a wayadfitipning A into two subsets
B ={b1,bs,.... b} andC = {cy, ca, ..., ¢} SUCh thatl ) b; = 27 ¢;.

If > ,a; is odd the problem becomes trivial since it is impossible Ibtam a suitable
partition, but if the sum is even the problem is NP-Hard.

Let A = {ay,ay,...,a,} be a set such that]", a; is even. We can construct an instance
of the syntenic distance problem with indistinguishableegeas follows: taker = A and
o = {01,090} Whereo, = oy = (X1, a;)/2.

By Theorem 8.4.3, we have — 2 < dyynienic(m,0) < n. Observe thatl,,epi.(m,0) #

n — 1, because Lemma 8.4.8 says that 2 fusions are necessary; if the extra event is a fusion,
we end up withl chromosome; if it is a fission, we end up wiglchromosomes; but has2
chromosomes.

The final part of the proof is to show that a solution for thistamce of the syntenic distance
problem with indistinguishable genes corresponds to aisolof the original partition problem.
Notice that, in this context, the ability to partitiohinto two subsets of equal sum is equivalent
to being able to transform into o using fusions only.

If Esyntemc(yr, o) = n — 2 then it is possible to partitiod as desired, since can be trans-
formed intoo using fusions only. In contrast, i, enic(T, o) = n, it is impossible to find a
suitable partition, because a fission was necessary tddrams into o. [ |

8.5 Conclusion

We have shown in this work results about the rearrangemstardie using fusion, fissions, and
transpositions when an arbitrary weight is associatedattsfrositions (see Table 8.1). We have
proved that the distance problem using fusions, fissiorts tframspositions with the transposi-
tion weight given as input is at least as hard as the transposiistance problem, which is still
open. Finally, we have determined the complexity of two atwns on the syntenic distance
problem.
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Problem Result

Fusion, fission, and transposition distance={ 2) O(n?) [91]

Fusion, fission, and transposition distan¢e(w < 2) Factor% approx. [HERE]
Synteny with fusion, fission, and translocation NP-Hard + factoR approx. [38]
Synteny with fusion and fission (distinguishable genes)  O(nca(ne,n)) [HERE]
Synteny with fusion and fission (indistinguishable genes) NP-Hard [HERE]

Table 8.1: Problems and result related to the present work.
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Sorting by Prefix Transpositions*

Zanoni Dias

Jaao Meidanis

Abstract

A transposition is an operation that exchanges two conise¢udjacent blocks in a
permutation. A prefix transposition is a transposition tmaives the first element in the
permutation. In this work we present the first results on ttablem of sorting permuta-
tions with the minimum number of prefix transpositions. Trigblem is a variation of the
transposition distance problem, related to genome regeraants. We present approxima-
tion algorithms with performance ratios of 2 and 3. We conjexthat the maximum prefix
transposition distance B(n) = n — [ 2| and present the results of several computational
tests that support this. Finally, we propose an algorithat tlecides whether a given per-
mutation can be sorted using just the number of transpasiiiedicated by the breakpoint
lower bound.

*Trabalho apresentado n&tring Processing and Information Retrieval(SPIRE’2002), realizado na cidade
de Lisboa, Portugal, em setembro de 2002. Uma #iersstendida deste trabalho foi aceita para publidagna
revistaJournal of Discrete Algorithms.
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9.1 Introduction

Sequence comparison is one of the most studied problemsmiputer science. Usually we

are interested in finding the minimum number of local operetj such as insertions, deletions,
and substitutions that transform a given sequence intdhangiven sequence. This is the edit
distance problem, described in many Computational Biokegybooks [106]. Several studies,
however, have shown that global operations such as regeasdl transpositions (also called
rearrangement events) are more appropriate when we wisbnpare the genomes of two

species [101].

A new research area called Genome Rearrangements appeé#nedast years to deal with
problems such as, for instance, to find the minimum numbeeafrangement events needed
to transform one genome into another. In the context of GenBearrangements, a genome
is represented by an-tuple of genes (or gene clusters). When there are no repgatees,
this n-tuple is a permutation. We proceed with a brief overviewhs literature related to the
present work.

The best studied rearrangement event is the reversal. Asadvsverts a block of any size in
a genome. Caprara [18] proved that finding the minimum nurobegversals needed to trans-
form one genome into another is an NP-Hard problem. BafnaPavdner [8] have presented
an algorithm with approximation factor 2 for this problemater Christie [29] presented the
best known algorithm for the problem, with fact%ar

Hannenhalli and Pevzner [64] have studied the reversamtist problem when the orien-
tation of genes is known. In this case they proved that theeeepolynomial algorithm for the
problem. This algorithm has been refined successively Hagillan, Shamir and Tarjan [73]
presented a quadratic algorithm. Meidanis, Walter e Dia$ f@ve shown that all the reversal
theory developed for linear genomes can be easily adapt@cttdar genomes.

Another interesting variation of this problem is the soaxprefix reversal problem or pan-
cake problem as it was originally called [45]. In this vapatonly reversals involving the first
consecutive elements of a genome are permitted. HeydarSaddorough [66] have proved
that this problem isV P-Hard. Gates and Papadimitriou [52] and Heydari and Sudlyr¢67]
have studied the diameter of prefix reversals (see furthails®n diameter problems in Sec-
tion 9.4).

The rearrangement event called transposition has the pyopfieexchanging two adjacent
blocks of any size in a genome. The transposition distangblg@m, that is, the problem of
finding the minimum number of transpositions necessanatusfiorm one genome into another,
has been studied by Bafna and Pevzner [9], who presente@shaproximation algorithm for
the problem, with facto%. The transposition distance problem is still open: we ddknotv of
any N P-Hardness proof, and there are no evidences that an exgctgmoial algorithm exists.
Christie [30] and Meidanis, Walter and Dias [93] have propadial results on the transposition
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diameter.

In this work we present the first known results on the varratibthe transposition distance
problem that we call prefix transposition distance, thaths,rearrangement distance problem
where only transpositions affecting two consecutive béockthe genome, with one of these
blocks formed by the first consecutive elements of the genome

The paper is divided as follows. Initially, in Section 9.2 define important concepts that
will be used throughout. In Section 9.3 we present two agprakon algorithms for the prefix
transposition distance problem, with factors 3 and 2. IniBe®.4 we present several results
on the prefix transposition diameter, leading to the conjecthatD(n) = n — [%J and tests
with programs that we implemented to help validate our adojes. We show in Section 9.5
an algorithm that verifies whether a given genome can bedodmg the minimum number
of prefix transpositions according to the breakpoint loweurdd (Lemma 9.3.5). Finally, in
Section 9.6, we exhibit our conclusions and suggestiontufare work.

9.2 Definitions

Here we introduce a number of basic concepts used in GenormeaRgements. Notice that
some definitions, for instance that of transposition, ifedént from the definition used in other
areas.

Definition 9.2.1 An arbitrary genome formed by genes will be represented as a permutation
m = [r[1] #[2] ... 7[n]] where each element afrepresents a gene. The identity genameés
definedas, = [12 ... nl.

Definition 9.2.2 A transpositiorp(z, y, z), wherel < z < y < z < n+1, is an rearrangement
event that transforms into the genomer = [#[1] ... n[z—1] 7[y| ... w[z—1] w[z] ... w[y—1]

Definition 9.2.3 A prefix transpositiorp(1, z,y), wherel < = < y < n + 1, is an rear-
rangement event that transformsnto the genomer = [r[z] ... 7[y — 1] #[1] ... @[z — 1]

Definition 9.2.4 Given two genomes and o we define the transposition distande(r, o)
between these two genomes as being the least number ofdsatisps needed to transform
into o, that is, the smallest such that there are transpositiops, ps, ... p, With p,. ... pop17

= 0. We call sorting distance by transpositioms(r), the transposition distance between the
genomesr and.,, thatis,d, (7) = d,(r, t,).

Definition 9.2.5 Given two genomesando we define the prefix transposition distanie, o)
between these two genomes as being the least number of magpasitions needed to trans-
form 7 into o, that is, the smallest such that there are prefix transpositiops ps, . . . p, With

pr ... papr = o. We call sorting distance by prefix transpositio#ig; ), the prefix transposition
distance between genomesind.,,, that is,d(7) = d(7, ¢,,).
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B/AC|D

Figure 9.1: Two examples of how it is possible to obtain prafxspositiong, andp, such
thatpr = pypy 7, for a given transpositiop = p(x, y, z), with x # 1.

9.3 Approximation Algorithms

The first important observation is the following.
Lemma 9.3.1 For any permutationr, we havel(r) > d. ().

Proof: This follows from the observation that every prefix transpos is a transposition. The
converse is not always true. [ ]

9.3.1 Approximation Algorithm with Factor 3

Lemma 9.3.2 For every transposition(z, y, z) with = # 1, there are prefix transpositions
p1(1, 7, s) andps(1,t, u) such thatpspym = prr.

Proof: Indeed, it sufficestotake=vy,s = z,t = z—y+1 andu = z—y+x, or, alternatively,
r=x,s=y,t=y—x+1andu = z. Figure 9.1 shows how two prefix transpositions can
simulate a transposition. [ |

Lemma 9.3.3 Any k-approximation algorithm for the transposition distanc®lplem can be
transformed into 2k-approximation algorithm for the prefix transposition @diste problem.

Proof: Immediate from Lemma 9.3.2. [ |

Therefore it is easy to obtain an approximation algorithrthviactor3 for the prefix trans-
position distance problem using the approximation alparg with factor% for the transposition
distance problem given by Bafna and Pevzner [9] and by Gai30].
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9.3.2 Approximation Algorithm with Factor 2

We need to define a few important concepts before proceeding.

Definition 9.3.1 A breakpoint for the prefix transposition problem is a pasiti of a permu-
tation 7 such thatr[i| — n[i — 1] # 1, and2 < i < n. By definition, positiori (beginning of
the permutation) is always considered a breakpoint. Rositi + 1 (end of the permutation)
is considered a breakpoint wherin| # n. We denote by(r) the number of breakpoints of
permutationr.

By the former definitiorb(7w) > 1 for any permutationr and the only permutations with
exactly one breakpoint are the identity permutations-(.,,, for all n).

Definition 9.3.2 A strip is a subsequencdi..j] of = (i < j) such thati andj + 1 are break-
points and there are no breakpoints between these positions

Definition 9.3.3 Given a permutatiom and a prefix transpositiop, we define\(r, p) as the
variation on the number of breakpoints due to operatipthat is, Ab(, p) = b(pm) — b(r).

The first important observation about breakpoints is thiefohg.

Lemma 9.3.4 Given a permutationr and a prefix transpositiop, we have that\b(r, p) €
{-2,-1,0,1,2}.

Lemma 9.3.5 For every permutatiom, we have that(r) > [b(’g_l].
Proof: Immediate from Lemma 9.3.4. |

Lemma 9.3.6 Given a permutatiom # .,, wheren = |r|, it is always possible to obtain a
prefix transpositionp such thatAb(r, p) > —1.

Proof: Letk be the last element of the first stripof If £ < n, then there is a strip beginning
with the element + 1, such thatr—'[k] < 7~ '[k + 1] andp = p(1, 7 '[k] + 1,7 [k + 1])
suffices. Ifk = n, takep = p(1, 7 1[k] + 1,n + 1). |

Lemma 9.3.7 Let 7 be a permutation ang(1, z, y) a prefix transposition such thatr = .,
wheren = |r|. Thenr[z] = 1 and Ab(~, p) = —2.

Lemma 9.3.8 For every permutation, we havei(r) < b(r) — 2.
Proof: Immediate by Lemmas 9.3.6 and 9.3.7. [ |

Theorem 9.3.1 For every permutationr, we havel | < d(r) < b(r) — 2.
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Theorem 9.3.2 Any algorithm that produces the prefix transpositions adoay to Lemmas
9.3.6 and 9.3.7 is an approximation algorithm with fackdor the prefix transposition distance
problem.

Another important point regarding genome rearrangmeriteipossibility of sorting a per-
mutation without ever increasing the number of breakpoiGtwistie [30] has proved that this
is true for transposition events. The following lemma elésales the analogous result for prefix
transpositions. The proof is a bit lengthy and is omittecehbut appears in the full version of
this paper.

Lemma 9.3.9 Let7 be an arbitrary permutation and(7) = & its prefix transposition distance.
Then there exists an optimal sequence of prefix transpositig. . . , px, such thapy ... o7 =
L, Wheren = |r|, andAb(p; 1 ... 17, pi) > 0 foreveryl <i < k.

9.3.3 The Cycle Diagram

Bafna and Pevzner [9] developed the “Cycle Diagram” (oadjincalled “Cycle Graph”), a
very useful tool in the study of transposition distance jpeois. This structure was defined also
as the “Reality and Desire Diagram” by Meidanis, Walter ands}92], a definition that we
reproduce below.

Definition 9.3.4 The vertex sequence of the Cycle Diagram is constructedlas/f for every
elementr[:] of permutationr create a pair—[i| and +r[i], in this order. Add a vertex-0

in the beginning of the sequence and a vertéx + 1) in the end. The edges of the diagram
are of two types: the “desire” (gray) edges and the “realit{Black) edges. The reality edges
are drawn joining vertices+0 and —x[1], +[:] and —x[i + 1] (for 1 < ¢ < (n — 1)), and
finally +7[n] and—(n + 1). The desire edges are drawn joining vertieesand —(i + 1) (for
0<i<n).

Once defined the diagram, we now need to define its cycles.

Definition 9.3.5 The size of a cycle in the Cycle Diagram is defined as the nuofoeality
edges that compose the cycle. We eéfl) the number of cycles in the Cycle Diagramrof
Similarly, ¢,q4q() is the number of odd cycles in the Cycle Diagram of

Figure 9.2 shows a complete example of a Cycle Diagram. Tagrain is composed by
two cycles of size 2 and a cycle of size 3. Note that the onlynpgations of. genes withn + 1
cycles are the identity permutations £ ,,, for everyn).

Definition 9.3.6 Given an arbitrary permutatiom and a transpositiom, we defineAc(r, p)
(Acoqa(m, p)) as the variation in number of cycles (odd cycles) causedpayationp, that is,

Ac(m, p) = c(pm) = (7) (Acoaa (T, p) = Coaa(PT) — Coad(T)).

The results in the next section were proved by Bafna and Rey2h
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07~ 47= 277 67~ 17~ 57 - 37~

Figure 9.2: Cycle Diagram far = [426 1 5 3|.

Results for transpositions
Lemma 9.3.10 Given an arbitrary permutation and a transpositiom, we haveAc,qq (7, p) =
{-2,0,2}.

Lemma 9.3.11 For every permutatiom, we havel, () > %dd(”)

Lemma 9.3.12 Given an arbitrary permutation # «,,, wheren = ||, it is always possible to
obtain either a transpositiop such thatAc,.,(7, p) = 2 or three transpositiong,, p, and p;
such thatAc,qq (7, p1) = 0, Acoga(p17, p2) = 2 aNd Acoqa(p2prm, p3) = 2.

Lemma 9.3.13 For every permutatiomr, we havel, (r) < 3(n — coga(m)).
Proof: Immediate by Lemma 9.3.12. [ |
Theorem 9.3.3 For every permutation, we have’=“e™ < ¢ (1) < 3(n — coga(7)).

Theorem 9.3.4 Any algorithm that produces the transpositions indicatgd_bmma 9.3.12 is
an algorithm of approximation with facto} for the transposition distance problem.

Results for prefix transpositions

In this section we will prove that it is not possible to obtam approximation algorithm with
factor better tha using the theory developed for general transpositions.

Definition 9.3.7 Let M, be the family of permutations defined as followlg; = [1 32465
... 3k —2 3k 3k — 1]. The permutatiod/; is formed by one cycle of sizeandk cycles of size
3.

Lemma 9.3.14 Consider the permutation/,, for somek > 1. In this case we havé(1/,) >
2k and it is not possible to obtain a prefix transpositipauch thatAc,qq (M, p) = 2 nor three
prefix transpositions,, p, and p; such thatAc,q (Mg, p1) = 0, Acoqa(p1 My, p2) = 2 and
Acodq(pepr My, p3) = 2.
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ALGORITHM TO SORT Mj()

1 Input:m = My, withk > 1

2 fori«1tok

3 dorm < p(1,3(i —1)+2,3(i — 1) +3)7
4 T+ p(1,2,36—1)+4)7

5 Output:2k

Figure 9.3: Algorithm to sord/,.

Proof: Each one of the cycles of sizeis eliminated only when a transposition acts on its
three reality edges. Since initially no cycle interceptg ather cycle and ng-cycle can be
immediately destroyed, at least two movements are negessacycle. Hence (M) > 2k. &

Lemma 9.3.15 Given a permutatiod/,, with k£ > 1, we havel(M;) < 2k.

Proof: Immediate by the algorithm of Figure 9.3. A step-by-stepcetien of this algorithm
on permutationV/, can be seen in Figure 9.4. [ |

Theorem 9.3.5 Given a permutatiod/y,, for somek > 1, we havel(M;) = 2k.
Proof: Immediate by Lemmas 9.3.14 and 9.3.15. [ |

Theorem 9.3.6 No approximation algorithm for the prefix transpositiontdisce problem ba-
sed on the Cycle Diagram and using the lower bound of Lemma&®can have an approxima-
tion factor less tharz.

Proof: It suffices to notice that the lower bound of Lemma 9.3.11gié/,) > k, while we
know that in factd(A/,;) = 2k by Theorem 9.3.5. |

9.4 The Diameter of Prefix Transpositions

We call rearrangement diameter the largest rearrangenstahde between two permutations
of a certain size.. We Denote byD(n) the diameter of prefix transpositions andby(n) the
diameter of transpositions. Bafna and Pevzner [9] proveddhowing result.

Theorem 9.4.1The diameter of transpositions for permutations of sizis such that} <
D.(n) < %T”.

We can present a similar result for the prefix transpositistadce problem.

Theorem 9.4.2 The diameter of prefix transpositions for permutations @€ si is such that
5 <D(n)<n-—L1L
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(@)
" (7T

+ -3+ -2+ -4+ -6+t -5+ -7

NIENY AN

0737 - 17 -27-47-67 577

(c)
0,0,0.0,0.00),

(d)

O.0O0. 0 0O
07=67=17-27-37-47-57-7
e)

07 152 25 552 4= g 6

Figure 9.4: (a) Permutatiol/, = [1 3 2 4 6 5]. (b)-(e) Sortingh/.
Proof: To begin with note thaD(n) > D, (n), sinced(r) > d,(x) for any permutationr
(Lemma 9.3.1). We can then use the result of Aigner and Wegs$h§® says that the diameter

for the rearrangement distance problem that considersiasgytion of the first element, that is,
transpositions of the form(1, 2, x), isn — 1. |

Definition 9.4.1 LetR,, be the family of permutations defined as follows:= [nn—1 ... 2 1].
PermutationR,, is formed by odd cycles only: just one cycle whers odd, and two cycles
otherwise.

The following result was proved independently by Chris88][and Meidanis, Walter and
Dias [93].

Theorem 9.4.3Forn > 3, we havel,(R,) = EJ + 1.

When dealing with prefix transpositions, we could stategbasolely on Theorem 9.3.1,
that[g} < d(R,) < n — 1. However, a stronger statement holds.

Theorem 9.4.4For n > 4, we havel(R,) <n — [}].
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ALGORITHM TO SORT R, ()
1 Input:m = R,, withn > 4
2 m<4[%]
3 {Phase 1: Shuffling
4 fori«1to(%)—1
5 dorm <+ p(1,5,m—2(—1))7
6 7« p(1,3,% +2)7
7 {Phase 2: Greedy Phgse
8 z<+ nln]+1
9 y+m+1
10 fori<1to2(7%)
11 doz « 7[z]
12 < p(l,z,y)mw
13 y<— 71 tz—1]+1
14 w7yl —1
15 T 7 Hw]+1
16 {Phase 3: Positioning the Last Elemants
17 for i< (m+1)ton
18 dow < p(1,4,i+ 1)7

19 Outputin — [ 7]

Figure 9.5: Algorithm to soriz,,.

Proof: The algorithm of Figure 9.5 sorig8, using exactlyn — [gJ prefix transpositions. A
step-by-step execution of this algorithm on permutafigncan be seen in Figure 9.6. R

Lemma 9.4.1 Forn > 1, we havel(R,.,) > d(R,).

Proof: Itis easy to see that any series of prefix transpositionsthré 2, ; will also sortR,,,
provided we adapt the movements that include the element. [ |

Christie [30] and Meidanis, Walter and Dias [93] have praabthe following conjecture,
still open today.

Conjecture 9.4.1 The transposition diametédp, (n), forn > 3, isgiven byD, (n) = d.(R,) =
2] +1.

Likewise, we believe that the following statement is true.

Conjecture 9.4.2 The diameter of prefix transpositiod®n), for n > 4, is given byD(n) =
d(Ry) =n—|2].
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#13=12=11=10= 9= 8= 7= 6= 5% 4= 3= 21 ]
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»7 8 9 102 3 4 5 ©6+11 12 13=1 =
»2 3 4 5 6 7 8 9 1011 12 13= 1+
1 2 3 4 5 6 7 8 9 10 11 12 13

Figure 9.6: Steps to soft;3.

9.4.1 Tests

The tests that will be presented in this section were perdrm a Digital Alpha Server GS140
computer, with 10 Alpha 21264 EV6 processors of 524MHz andié#ord length, with 8 GB

of physical memory and running the OSF1 version 4.0 opegaystem. All programs were
written in C++ and compiled with g++ using compilation ditige “-O3”. Our programs use
just one processor and during the tests the machine was aagcuting other processes as
well. The measured times are the times effectively spenhéytograms (user + system time)
and not the total time of execution (real time).

We implemented two “branch and bound” algorithms to computeexact distance of prefix
transpositions. The first version considers all possibéiptranspositions, while the second
version considers only prefix transpositions that do noatereew breakpoints, according to
Lemma 9.3.9. Using these programs it was possible to obtesntty the prefix transposition
distance for all reverse permutatioRs with n < 15. Table 9.1 and Figure 9.7 show result
summaries.

To verify the correctness of Theorem 9.4.4, we implementedalgorithm that sorts re-
verse permutation®&,, in polynomial time (Figure 9.5). We tested our implememtatusing
all reverse permutation,, for n < 50000. The algorithm correctly sorted all tested instances.
Note that these instances are several times bigger thangfedb instances used in practice in
genome rearrangement problems. Execution times for th@i#thm are plotted in Figure 9.8.
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n  d(R,) Time without Time with
optimization (seconds) optimization (seconds)

02 01 0 0

03 02 0 0

04 03 0 0

05 04 0 0

06 05 0 0

07 06 0 0

08 06 4 2

09 07 9 3

10 08 59 22

11 09 1011 373

12 09 8872 2607

13 10 16294 4305

14 11 118463 45168

15 12 2771374 1081631

16 12* 750 days * 300 days *

Table 9.1: distance of prefix transposition for reverse pgations with 16 or less elements.
The times in column “without optimization” refer to the “breh and bound” algorithm that
considers all prefix transpositions possible, while theicol “with optimization” presents the
results of the implementation that considers only prefingpsitions that do not create new
breakpoints, according to Lemma 9.3.9. We could not comgiuRe;) directly using any of the
two implementations; instead we present an estimate oirtieeriecessary for each algorithm
to compute correctly the distance. Note also that it is fbs$o infer the distancé(R;s) from
Theorem 9.4.4 and Lemma 9.4.1.

Lastly we implemented two programs to verify the conjectymoposed in Section 9.4. The
two programs are based in the same strategy. We built a gsafdtl@éws: we created a vertex
for each of then! permutations withn elements and an edge for each pair of permutations
that differ by a rearrangement event. In this graph we sefarcthe permutations that posses
the largest distance from the identity permutation. Thiategy can be implemented in linear
time on the graph size. With this method we could certify ighdly over 20 hours that both
conjectures are true for permutations with< 11 elements. Unfortunately 30 GB of physical
memory are need to build the graph for= 12, what made the test of our conjectures for
n > 12 impossible.
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Sorting of Reverse Permutations
("branch and bound" algorithm)
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Figure 9.7: Results for the “branch and bound” algorithmtalapproximate time of 47 days
nonstop processing, with about 34 days for the version nitaged and 13 days for the opti-
mized version.

Sorting of Reverse Permutations
(polynomial algorithm)
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Figure 9.8: Results for the polynomial algorithm. Total epgmate time of 27 days nonstop
processing.
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9.5 Permutations that Satisfy the Breakpoint Lower-Bound

Kececioglu and Sankoff [78] conjectured that to determihetiver a permutation can be sorted
using the minimum number of reversals indicated by the lpeit lower bound for reversals
was an/N P-Hard problem, just like the general problem of sorting byersals. Irving and
Christie [69] and Tran [115] independently proved that @usjecture is false, exhibiting a
polynomial algorithm for the problem.

In the case of prefix transpositions we know from Lemma 985 for every permutation
7 we haved(r) > [(b(7) — 1)/2]. However, given a permutation is it possible to determine
whetherd(r) = (b(w) — 1)/2? The following results prove that the answer is yes.

Lemma 9.5.1 Let 7 be an arbitrary permutation. Then there exists at most oeéptranspo-
sition p such thatAb(r, p) = —2.

Proof: Suppose that andp(1, z, y) are such that\b(r, p) = —2. In this case we have =
[r[1]...7[x — 1r[z]... 7wy — 1=x[y]...] andpr = [r[z] ... 7y — 1] 7[1]...7[z — L]=[y].. ],
wherer[z — 1] # wlz] — 1, 7y — 1] # wly] — 1, 7]y — 1] = 7[1] — 1 andn[z — 1] = 7[y] — 1.
Finally, note thatr[1] determines uniquely the index andy determines uniquely the index
[ |

Theorem 9.5.1 Let 7 be an arbitrary permutation. Then it is possible to deterenim polyno-

mial time whetheri(r) = "=,

Proof: Immediate by the algorithm of Figure 9.9, that has compyexitn?). [ |

Given an integek, is it always possible to find a permutatiersuch that there is a series
of k& prefix transpositiong, ..., px With Ab(p;_1pi—2 ... ;7 p;) = =2, for1 < i < k? Once
again the answer is affirmative.

Definition 9.5.1 Let By, be the family of permutations defined as follovigs; = [k + 1 k k +
2k—1k+3k—2 ... 2k— 122k 1]. PermutationB), possesse®t + 1 breakpoints.

Lemma 9.5.2 For every integelk it is possible to obtain a series &fprefix transpositiong,,
P2, - ., pr that sortBy, such thatAb(p; 1p; o... ;i pi) = =2, forl < i <k.

Proof: Immediate from the algorithm of Figure 9.10, that can be enptnted in linear time.
[ |
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VERIFYING WHETHER 7 SATISFIES THEBREAKPOINTS LOWER-BOUND()

RPOWOWOO~NOUIRWNPE

e

Input: 7
n < x|
OK +«+ TRUE
While 7 # +,, and OK
doy <+ mtm[1] — 1] +1
v nly] —1]+1
{ Verifies whether there exists a movement that removes twakprentg
ifz <y
then < p(1,z,y)m
else OK < FALSE
Output: OK

b(m)—1

Figure 9.9: The algorithm that verifies whethehas distancé(r) = =7

ALGORITHM TO SORT B()

1

2
3
4

Input: 7 = B, with k. > 1
fori< 1tok

dom <« p(1,2i,2i + 1)
Output:k

Figure 9.10: The algorithm that sort..

9.6 Conclusions

127

We introduced in this work a new problem of Genome Rearramgenhat we called distance
of prefix transpositions. We showed a number of results fr phoblem, including two ap-
proximation algorithms (the best of them with fac®r a proof that any permutation can be
sorted without “cutting strips,” a conjecture on the prefianisposition diameter stating that
D(n) =n— [gJ , and an algorithm for determining whether a permutationtEsorted using a
series of prefix transpositions removing two breakpointsspep. The problem remains open.
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Capitulo 10

Conclusao

Apresentamos, nos capitulos anteriores, varios trabaltlacionados a Rearranjo de Genomas.
Agrupamos nossas principais contribuicdes em dois grupm novo formalismo algébrico e
uma série de resultados envolvendo o evento de tran§oosic

Esta tese &, de certa forma, uma continuacao naturakdaleedoutorado da Profa. Maria
Emilia M. T. Walter [119]. Sendo assim, nossa primeira gbuoicao esta relacionada com o
principal problema apontado nas conclusdes daquela eefalta de uma “teoria estabelecida
e uniforme” para Rearranjo de Genomas. Ainda segundo a.mMaféa Emilia, “nesta area, as
estruturas e os algoritmos propostos sao completametdgpendentes uns dos outros, inclusive
na notacao, e as estratégias de solu¢des vém derddsrareas como Teoria da Computacao,
Estatistica e Matemética”.

No Capitulo 6, relacionamos a teoria de Rearranjo de Gesaora a teoria algébrica de
grupos de permutacdes. Nossa intencao foi estabeletdormalismo algébrico forte o bas-
tante para permitir simplificar a obtencao de novos radolt, até entao muito baseados na
construcao exaustiva de diagramas.

Um genoma foi definido como sendo uma permutacao. As difaeentre dois genomas
e o sao representadas pela formata !, que nos permite deduzir algebricamente uma série de
informacdes relacionadas a distancia de rearranje estdois genomas, por exemplo o nimero
debreakpoints de ciclos.

Definimos algebricamente as operacdes de reversasptaigao, transposicao com re-
versao eblock interchange Usando esta teoria foi possivel definir também algumastas
ras importantes para o problema da distancia de revem@o,cpor exemplo, ciclos bons e
componentes boas.

Consideramos que demos os primeiros passos em directbaleser um novo formalismo
para a area, mas muito trabalho ainda precisa ser feito.dloraagem interessante seria obter
provas baseadas em argumentos algébricos para todoshogp@is resultados envolvendo o
evento de reversao, que ja foi vastamente estudado.dfspsique, num futuro proximo, todos

129
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os resultados apresentados nesta tese possam ser dedumgsando-se apenas algebra.

Outra contribuicdo importante desta tese séo os vaemgtados envolvendo o evento de
transposicao. Este evento foi estudado de varias fodiferentes: como um problema de rear-
ranjo de genomas simples (Capitulo 3); associado comewentos de rearranjo (Capitulos 4,
5, 7 e 8); e como evento restrito (Capitulo 9).

No Capitulo 3, mostramos um limite inferior para o valor dnaetro de transposicao. Nos
dois capitulos seguintes, estudamos o problema da diatée rearranjo em que 0s eventos
de transposicao e reversao sao permitidos. No Capftdpresentamos dois algoritmos de
aproximacao para este problema, e no Capitulo 5 exibumosmite inferior para o valor do
diametro.

Apresentamos os primeiros resultados inéditos no Aapituno qual utilizamos parte do
formalismo algébrico recém desenvolvido para mostrar gyossivel determinar a distancia
de fusdao, fissao e transposicao em tempo polinomiahdpama transposicao tem peso duas
vezes maior que uma fusao e uma fissao. Este & o primeuitards polinomial conhecido para
um problema de rearranjo envolvendo o evento de transpmsic

Em seguida, no Capitulo 8, determinamos aproximactesgealor da distancia de fusao,
fissao e transposicao, quando as fusoes e fissdes gnupigario e as transposicdes tém pesos
arbitrarios.

No mesmo capitulo, apresentamos dois resultados impestanbre distancia sinténica en-
volvendo fusdes e fissdes. Primeiro, provamos que o prabm genes distinguiveis & po-
linomial e pode ser resolvido de forma eficiente. Em seguldajonstramos que a versao do
problema com genes indistinguiveis & NP-Dificil.

No Capitulo 9, introduzimos o problema da distancia despasicao de prefixos. Entre os
varios resultados apresentados neste capitulo, destaa#ois algoritmos de aproximac¢ao, um
algoritmo para testar se uma permutacao pode ser ordeisaddo transposicoes de prefixos
gue sempre removem ddiseakpoints e uma conjectura sobre o valor do diametro para este
problema, baseado num algoritmo que ordena a permutagarsa.

Apesar de todos os esforcos, o problema geral de distdedimnsposicao permanece em
aberto, ndo sendo conhecido, até 0 momento, nenhum talgopolinomial exato, nem uma
prova que este problema séyaP-Dificil. Temos esperanca que o formalismo algébridoan
duzido nesta tese possa ser utilizado para a obtencaords resultados para transposicoes.

Varios problemas interessantes de Rearranjo de Genaswd®ram abordados nesta tese.
Este € o caso, por exemplo, do problema da mediana, que @oideraulado da seguinte forma.
Dados genomas,, m, ..., m, determinar um genoma tal quey_!" , d(m;, o) seja minima,
onded(r;, o) & a distancia de rearranjo entree 0. Caprara [19] provou que o problema da
mediana, quando utilizamos distancia de reversao, ®NPEH. Existem poucos resultados
para o problema da mediana envolvendo outros eventos danmfgar Acreditamos que este
problema represente uma promissora area de estudos.



Apéndice A

Implementagoes e Testes

Paralelamente a pesquisa teorica, implementamos ghgagsamas que poderao auxiliar novos
trabalhos na area de Rearranjo de Genomas, sobretudo lam@ior@o evento de transposicao.
Podemos dividir as implementacdes em dois grupos des@&iseguir.

Logo no comeco desta tese, implementamos um visualizadestdutura denominada “Dia-
grama de Ciclos”, estrutura muito utilizada em problemafedarranjo de Genomas. Desen-
volvemos este visualizador usando uma interfdledy de forma que ele pudesse ser acessado
em qualquer lugar do mundo conectado a internet.

Mais tarde, escrevemos uma série de programas para ¢ocdicdistancia de transposicao.
Implementamos os algoritmos de aproximagao propostst rnese, como também algumas
heuristicas e algoritmos exatosnch and boungara o problema da distancia de transposicao.

A seguir descreveremos em mais detalhes cada um dessesrpasgr

A.1 O Visualizador de Diagramas de Ciclos

Um dos maiores problemas no estudo de Rearranjo de Genomést@de grande parte da
teoria existente basear-se na construcoes de diagr&msisn, para estudar uma seqiiéncia de
operag¢des que transforma um genoma em outro & necessaitas vezes, desenhar uma série
de diagramas, o que deixa a pesquisa muito lenta ou até niegidel.

Aqui vimos que havia duas op¢oes: ou desenvolver uma remréatque nao usasse dia-
gramas ou qualquer outro recurso grafico, ou implementavisoalizador automatico que,
dada uma permutacao, desenhasse o diagrama adequanlbeBEsxs atuar nas duas frentes. A
teoria esta sendo desenvolvida, e um resultado inicipfésantado no Capitulo 6 desta tese.

Batizamos nosso visualizador Bermutation Info Este programa recebe uma permutacao,
constrbi o seu “Diagrama de Ciclos” (também conhecidateeatura como “Diagrama Reali-
dade Desejo” [93]) e exibe o resultado em uma pagieh

O diagrama & composto por dois tipos de arestas: as cinaakg@idas também como
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arestas desejo) e as pretas (as arestas realidade). Assanieghs sao representadas, no nosso
visualizador, por arcos, enquanto as arestas pretasagosthorizontais. Para maiores detalhes
sobre este diagrama, consultar o Capitulo 3 desta teseaadito de Bafna e Pevzner [9] sobre
distancia de transposicao.

Dada uma permutacaoqualquer, nosso visualizador apresenta outras infaregagiuito
importantes para a investigacao do problema da digtatectransposicao, como:

e 0 nUmero déreakpointyh(r)),

o nimero de ciclos(r)),

0 numero de ciclos impareg,; (7)),

. P . +1—c,
alower boundde ciclos impares (ou sejé,r) > LB = %dd(”)),

aupper boundaseada no algoritmo de aproximatgauroposto por Bafna e Pevzner (ou
sejad(m) <UB = [3(n+1 = coua(m))]).

Além disso oPermutation Infgpermite aplicar uma transposicao a permutacao. Bam i
basta que o usuario forneca o numero de trés arestassgiaza indicar onde a permutacao sera
guebrada e rearranjada pela transposigao.

Um exemplo pratico do uso deéermutation Infopode ser acompanhado pelos “Diagrama
de Ciclos” e pelas outras informacg0es exibidas nas fighrasité A.6, onde uma série 6tima
de transposicOes & usada para transformar a pernoutagd[8 7 3 2 1 6 5 4] na permutagao
identidades =[12345678§].

O Permutation Infdoi escrito em Perl de forma a permitir que ele pudesse deraato em
gualguer sistema computacional com um servidebadequadamente configurado e com um
interpretador Perl padrao. Nosso visualizador usa a®teiohs CGl e GD, ambas de dominio
publico [35].

A.2 Calculando a Distincia de Transposi@o

A seguir, descreveremos os algoritmos que implementanmaspkular a distancia de transpo-
sicao. Dividimos esta secao em duas partes, na prire@adaremos dois algoritmos usados
para calcular a distancia exata, enquanto na segundafadatemos da implementacao de uma
heuristica para este problema. Todos os algoritmos apeek®s nesta secao foram implemen-
tados em Perl e posteriormente portados para C++ usandol®9L. |
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& ] Permutation Info E]@

grquivo. Editar  Exibir  Favoritos  Ferramentas  Ajuda

Permutation Info

n=[87321654]

Breakpoints | Cycles | Odd Cycles | Lower Bound | Upper Bound

3 3 E 3 5

Transposition: 357 Apply

Figura A.1: Permutation Info neste exemplo, vemos o “Diagrama de Ciclos” da permotaca
7 =[873216 5 4], formado por trés ciclos impares, antes que os blgxoke |1 6] fossem
trocados de lugar pela transposigéd, 5, 7).
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r@ Permutation Info E]@

grquivo. Editar  Exibir  Favoritos  Ferramentas  Ajuda

Permutation Info

n=[87163254]

Breakpoints | Cycles | Odd Cycles | Lower Bound | Upper Bound

3 3 1 4 &

Transposition: 458 Apply

Figura A.2:Permutation Info neste exemplo, vemos o “Diagrama de Ciclos” da permotaca
=[8716325 4], formado por trés ciclos, sendo dois deles pares e apenaspen antes que
os blocos6 3] e [2 5] fossem trocados de lugar pela transposjg@o6, 8).
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@ Permutation Info E]@

grquivo. Editar  Exibir  Favoritos  Ferramentas  Ajuda

Permutation Info

n=[87125634]

Breakpoints | Cycles | Odd Cycles | Lower Bound | Upper Bound

& 5 E 3 5

Transposition: &7 49 Apply

Figura A.3:Permutation Info neste exemplo, vemos o “Diagrama de Ciclos” da permotaca
=[8 71256 3 4], formado por cinco ciclos, sendo trés ciclos unitariosp@res) e dois ciclos
pares, antes que os blodés] e [3 4] fossem trocados de lugar pela transposjg@o7, 9).
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r@ Permutation Info E]@

grquivo. Editar  Exibir  Favoritos  Ferramentas  Ajuda

Permutation Info

n=[87123456]

Breakpoints | Cycles | Odd Cycles | Lower Bound | Upper Bound

4 7 5 2 3

Transposition: 1723 Apply

Figura A.4:Permutation Info neste exemplo, vemos o “Diagrama de Ciclos” da permotaca
=[8712345 6|, formado por sete ciclos, sendo cinco ciclos unitariogéres) e dois ciclos
pares, antes que os elemeniass fossem trocados de lugar pela transposjgdo2, 3).
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"@ Permutation Info E]@

grquivo. Editar  Exibir  Favoritos  Ferramentas  Ajuda

Permutation Info

n=[78123456]

Breakpoints | Cycles | Odd Cycles | Lower Bound | Upper Bound

3 7 7 1 2

Transposition: 1349 Apply

Figura A.5:Permutation Info neste exemplo, vemos o “Diagrama de Ciclos” da permotaca
=[7812345 6], formado por sete ciclos, sendo seis ciclos unitarios eialo tmpar longo,
antes que os blocds 8] e[1 2 3 4 5 6] fossem trocados de lugar pela transposjgdos, 9).
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r@ Permutation Info E]@

Editar Exibir Fawvoritos  Fetramentas  Ajuda

Breakpoints | Cycles | Odd Cycles | Lower Bound | Upper Bound

Permutation Info

n=[12345678]

0 3 4 0 0

e N e WO i, WO YO e YONN ol YN e W e W .
a 1 2 3 4 5 & ¥ & 19

i 2 3 ¢ a5 B 7 & 9
Transposition: Apply

Figura A.6: Permutation Info neste exemplo, vemos o “Diagrama de Ciclos” da permotaca
identidades =[1 23 456 7 8], formado por nove ciclos unitarios.
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A.2.1 Distancia Exata

Em varios momentos no decorrer desta tese, foi necessateo o valor exato da distancia de
transposicao de uma dada permutacao. Infelizmerée ptesente momento nao &€ conhecido
nenhum algoritmo eficiente para o problema, nem uma prova guesmo seja& P-Dificil.

Assim, para testar as varias hipoteses sobre a distédecieansposicao exploradas nesta
tese, resolvemos implementar um algoritmo exato utilivamdécnica ddéranch and bound
como o descrito na Figura A.7.

ALGORITMO BRANCH AND BOUND PARA DISTANCIA DE TRANSPOSIGAO(T)
1 n+|n|

2 best + [%(n +1-— codd(w))]

3 current < 0

4 Output: Transposition-Distaneg(best, current)

TRANSPOSITIONDISTANCE(T, best, current)
1 n<+|n|

2 ifr =y,

3 then best < current

4  else for all transpositiong
5 don' « pm

6 if current + M%"dd(ﬂl) < best

7 then best < Transposition-Distang¢e’, best, current + 1)
8 Output:best

Figura A.7: Algoritmobranch and boungbara o problema da distancia de transposicao. Cal-
cula, de forma recursiva, o valor exato da distancia despasicao d(w) = best) sem retor-
nar, explicitamente, uma série de transposi¢cdes quaifgetransformar a permutacaona
permutacao identidade.

Apesar dos algoritmos que utilizam a técnicabdanch and bounderem essencialmente
exponenciais muitas vezes podem ser utilizados com supasa@ solucao de instancias pe-
guenas, mas muito Uteis na pratica.

Duas decisdes sao fundamentais para se conseguir umadsempenho de um algoritmo
como o proposto aqui. Primeiro, devemos determinar um faficeente de expandir o espaco
de busca a procura de uma solucao o6tibrarich). Segundo, temos que interromper uma busca
tao logo ela se mostre infrutiferaqung.

Inicialmente para tentar nao expandir desnecessariamergpaco de busca utilizamos ape-
nas transposicdes que nao criassem nbweakpointsja que, de acordo com o que foi provado
por Christie [30], sempre existe uma série de transpesi¢al que, o nUmero deeakpoint
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nunca aumenta. Infelizmente na pratica, esta versao stananais lenta devido ao tempo ex-
tra necessario para se calcular o novo nUmerboreakpointsa cada transposicao aplicada. Na
nossa implementacao, decidimos testar todas as pefdestaplicaveis a uma certa permutacao
(linha4 da parte recursiva).

Existem dois pontos no nosso algoritmo onde tentamos limiespaco de busca: na linha
2 da parte principal, quando calculamos uma estimativaahpara a distancia de transposicao
utilizando aupper boundie ciclos impares, e na linlsada parte recursiva, quando utilizamos a
lower boundde ciclos impares para determinar se, naguele ponto des&guainda € possivel
obter uma distancia de transposicao melhor do que andigizda pelo algoritmo até aquele
momento.

Tanto alower bound quanto aupper bounde ciclos impares, foram definidas por Bafna e
Pevzner [9]. Inicialmente, haviamos utilizado limitesisngimples para o problema baseados
nos nameros diereakpoint mas logo percebemos que eles nao eram suficientememtz art
diminuir, de forma perceptivel, o tempo de execucao doré&imo. Variacdes deste algoritmo
foram utilizadas para o problema da distancia de trangposie prefixos (ver, por exemplo,
resultados da Tabela 9.1).

Em varios momentos, também estavamos interessadodeutaca diametro de transposi-
cao para permutacdes de um certo tamanhdsar o algoritmo exponencial da Figura A.7 para
cada uma das! permutacdes de tamanhaeria totalmente inviavel, mesmo para valores de
bem pequenos (por exempto= 10).

Assim, resolvemos implementar uma variagao do algoridi@dellman [10] para o pro-
blema de se calcular a distancia de um vértice para todostoss num grafo qualquer. Este
algoritmo utiliza uma fila para garantir que cada arestavagjficada um nimero constante de
vezes. Este algoritmo & extremamente eficiente, calcaltotths as distancia em tempo linear
no tamanho do grafo.

No nosso caso, cada vértice € uma permutacao e existanasta entre dois vérticese o,
se existem transposicogse p”, tal quer = p'o e o = p’w. Estamos, entao, interessados em
calcular a distancia neste grafo do vértice que reprasepérmutacao identidadg para todos
0s outros veértices. Como temos que o0 numero de arestaenes em cada vértice & da ordem
deO(n?*), entdo, a complexidade total do algoritm@g*n!).

Adaptamos também este algoritmo para o caso da distamtiamsposicao de prefixos (ver
Sec¢ao 9.4.1). O grande limitante deste algoritmo, comoathstram os testes exibidos naquela
sec¢ao, € a sua enorme necessidade de memoria, por exsenhm necessarios aproximada-
mente 30GB de memoria fisica para que o algoritmo calsalasdiametro de transposicao (ou
de transposicao de prefixos) para permutacdes de tamasahl 2.
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CALCULO DA DISTANCIA DE TRANSPOSIGAO PARA TODAS AS PERMUTACOES(n)
for all permutationsr of sizen
dod(r) = o0
d(t,) <0
Queue <,
While Queue not empty
do 7w < Pop(Queue)

for all transpositiong

don' « pm

if d(7") = o0

10 then d(n') < d(m) + 1
11 PustiQueue, 1)
12 Output:d(r), for all permutationsr of sizen

OO ~NOOTLS, WNPE

Figura A.8: Algoritmo desenvolvido para calcular a disiande transposicao para todas as
permutacao de um certo tamanho

A.2.2 Heuristica

Logo no inicio dos trabalhos desta tese, sentimos a ndeglesde poder contar com um algo-
ritmo polinomial, de facil implementacgao, que fornesmema boa aproximacao para o valor da
distancia de transposicao.

A principio, pensamos em implementar o algoritmo proppstoBafna e Pevzner [9], mas
este algoritmo & complexo demais para nossos proposéndp, inclusive, objeto de trabalhos
de mestrado [41]. Como estavamos interessados apenastduacti de transposicao e nao em
obter uma série de transposicdes que transformasse emmafacao qualquer na permutacao
identidade, resolvemos implementar uma heuristica gylasa o problema.

O algoritmo da Figura A.9 funciona da seguinte maneira: antpua permutacao de en-
trada nao tiver sido ordenada e ainda nao tiverem sidoajas tantas transposicdes quanto o
namero indicado pelapper boundie ciclos impares definida por Bafna e Pevzner, teste todas
as transposicoes e aplique aquela com o nfagore Definimos oScorede uma transposi¢can
com relacao a permutac@&ocomo o numero de ciclos quecria (Ac(m, p)), mais 0 nUmero de
novos ciclos imparesNc,qq(m, p)) € mais o numero de novos ciclos bons:{,.4(, p)). Um
ciclo € chamado de bom, se ele pode ser quebrado em trés tighares menores com apenas
uma transposicao.

Executamos a nossa heuristica para o problema da dstédaciransposicao para todas
as permutacdes com tamanho menor ou igugl, dotalizando aproximadamente 40 milhdes
de casos de testes. Os resultados foram satisfatorios:emra de98% dos casos a nossa
heuristica alcancou o valor exato da distancia de t@siggo. Na Figura A.1, comparamos a
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nossa heuristica com o algoritmo WDM’2000 proposto portévaDias e Meidanis [121].

HEURISTICA PARA O PROBLEMA DA DISTANCIA DE TRANSPOSIGAO(Tr)
1 d«0

n < ||
Maz + [%(n +1-— Codd(ﬂ'))-l
While 7 # ,, andd < Max
do Score' + —o0

for all transpositiong

do Score < Ac(m, p) + Acoad(T, p) + Acgooa(T, p)

if Score > Score'
then Score’ <+ Score

10 p—p
11 T p'm
12 d+—d+1
13 Output: d

O©CoOoO~NOOOTAWN

Figura A.9: Heuristica gulosa desenvolvida para o probldedistancia de transposicao.

O algoritmo WDM’2000 & um algoritmo de aproximacao corof&.25 para o problema
da distancia de transposi¢ao com complexidage’) e que, diferentemente da heuristica apre-
sentada neste apéndice, pode ser usado para se obtedpalatar da distancia de transposicao,
uma série de transposicdes que efetivamente transioumea permutacao qualquer na permu-
tacdo identidade. Outra desvantagem da nossa hearéstiga alta complexidade assintotica,
O(n®), ja que temos que testar, em cada passo, todag#s possiveis transposi¢des e levamos
tempo linear para calcular®corede cada transposicao.

Por ltimo, & importante destacar que o passta Figura A.9 & usado para interromper
o algoritmo caso uma solucao nao tenha sido obtida usarethms transposicoes quelpper
boundde ciclos impares. Logo, esta heuristica nunca apresantator de aproximacao maior
que 2, mesmo quando ela nao é capaz de determinar uma sériand@dsicoes que garanta
esta aproximacao.

Tentamos obter um método guloso mais eficiente para a esdalltransposicao a ser
aplicada a cada passo. Infelizmente, mesmo ap0s vanesiercias, nao conseguimos uma
variacao deste algoritmo que fornecesse resultadosoneslilo que aqueles apresentados na
Tabela A.1.

Todos os arquivos relacionados a esta tese, incluindo aggmas apresentados neste
apéndice, podem ser obtidos diretamente com o aluno ou eomrgentador.
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Heuristica WMD’2000
N | Diferenca| Aproximacao| Diferenca| Aproximagao
1 0 1 0 1
2 0 1 0 1
3 0 1 0 1
4 0 1 0 1
5 0 1 0 1
6 0 1 0,83% 1,33
7 0,02% 1,25 1,42% 1,50
8 0,08% 1,25 2,89% 1,75
9 0,15% 1,25 3,95% 1,75
10| 1,11% 1,50 5,88% 1,75
11| 2,18% 1,50 7,19% 2,00

Tabela A.1: Comparacao entre nossa heuristica paralbdepna da distancia de transposicao
(Figura A.9) e o algoritmo WDM’2000 proposto por Walter, Bia Meidanis [121]. As colu-
nas rotuladas de “Diferenca” indicam as porcentagens easyiacoes em que 0s algoritmos
testados fornecem uma distancia maior do que a distarata,ede acordo com os resultados
obtidos usando o algoritmo da Figura A.8. Ja as colunasndieraalas “Aproximacao” indicam

o fator de aproximacao efetivamente obtido por cada digor
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