Numbers

Chapter Three

- Bits are justbits (no inherent meaning) £§JV
—con i define relationship between bits and numbers
- Binary numbers (base 2)
0000 0001 0010 0011 0100 0101 0110 0111 1000 1001...
decimal: 0...2"-1
+ Of course it gets more complicated:
numbers are finite (overflow)
fractions and real numbers
negative numbers
€.g.. no MIPS subi instruction: addi can add a negative number
+  How do we represent negative numbers?
i.e., which bit patterns will represent which numbers?
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MIPS

- 32 bit signed numbers:

0000 0000 0000 0OOD D000 0000 0000 000D,
0000 0000 0000 0OO0 0000 0000 0000 0001,
0000 0000 0000 0000 0000 0000 0000 0010,

[
+
-

0111 1111 1111 1111 1111 1111 1111 1110,
== 0111 1111 1111 1111 11311 1111 1111 1111,
1000 0000 0000 0000 0000 0000 0000 0000,
1000 0000 0000 DOOD DODO 000D 0000 0001,
1000 0000 0000 0000 0000 0000 0000 0010,

2,1
2,147,483,647,,,
2,147,483,648, . .
2.147,483,647,., Hinint
2,1

47,483,646,

QO 1111 1111 1111 1111 1111 1111 1111 1101,

47,483,646, maxint
o —

1
[ —
Possible Representations
$ign i One's Comp Two's €
000 = +0 000 = +0 000 = +0
001=# 001 =+#1 001 =+1
010=+2 010 = +2 010 = +2 K‘“\
0M11=+3 011 =+3 0 -
100= -0 100=-3
101=41 101=-2
110= -2 110 = -1
1M1=-3 111 =-0
+ Issues: balance, number of zeros, ease of operations
- Which oneis best? Why?
¥+ )= 0
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Two's Complement Operations
- ing a two's ! ber: invert all bits and add 1
— remember: “negate” and “invert” are quite different!
+ Converting n bit numbers into numbers with more than n bits:
— MIPS 16 bit immediate gets converted to 32 bits for arithmetic
- copy the most significantbit {the sign bit) into the other bits
0010 -> 0000 Q- 10
1010 -> 1111 “I 10
— "sign extension™ (lbu vs.™b)
5
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1111 1111 1111 1111 1111 1111 1111 1110, = — Z;n
1111 1111 1111 1111 11311 1111 1111 1111, = - 1.
P 4
Addition & Subtraction
(\/Just like in grade school (carry/borrow 1s)
0111 0111 0110
"+ 0110 - 0110 - 0101
' Two's complement operations easy
- subtraction using addition of negative numbers
0111
+ 1010
- Overflow (result too large for finite computer word):
— e.g.. adding two n-bit numbers does not yield an n-bit number
0111
+ 0001 note that overf terim is A is ing,
1000y it does not mean a carry “overflowed”
6
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Effects of Overflow

- An exception {interrupt) occurs

— Control jumps to predefined address for exception

- Interrupted address is saved for possible resumption
+ Details based on software system/ language

— example: flight control vs. homework assignment

- Don't always wantto detect overflow
— new MIPS instructions: addu, addiu, subu

wote: addiu still sign-exteids!
note: sltu, sltiu forunsigned comparisons
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Detecting Overflow

- No overflow when adding a positive and a negative number
+ No overflow when signs are the same for subtraction
- Overflow occurs when the value affects the sign:
— overflow when adding two positives yields a negative
— or, adding two negatives gives a positive
— or, subtract a negative from a positive and get a negative
— or, subtract a positive from a negative and get a positive
-+ Consider the operations A + B, andA-B
— Can overflow occurifBis 0 7

- Can overflow occurif Ais 0 ? / A + @
0
& A
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Multiplication

- More complicated than addition
— accomplished via shifting and addition
- More time and more area
« Let's look at 3 versions based on a gradeschool algorithm

0010  @uultiplicand)
¥ 1011  @uultiplier)

- Negative humbers: convert and multiply
— there are better techniques, we won't look at them
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Multiplication: Implementation

< J Mhtgplerd = 1 hutiplerd = 0
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Final Version

*Multiplier starts in right half of product
aotoy/

start
——

Productd =1 4 Test Productd =0
Product)

3. Shitthe Produ register right 1 bt
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Versao mais rapida
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Algoritmo

1. Bublrwot the Divisor rgkster from the —
Ramaindss register and placs the
rasultIn the Remaindar reglsis

Retmainger * 0

Za. Shifttho Guationt roglotar o tho Ioft. | [ 2. Bostors fho odoinal viuo by edding '
seltina the new richimost bi to 1 the reglster ko the Remakder

reglater and place the sum In the

- Rurmainder regleter. ARG st the

Quotient regieter to the st Seitng the
naw least signiicant bk to D
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Floating Point
+ We need a wayto represent
— -numbers with fractions, e.g.. 3.1416
— very small numbers, e.g.;.000000001
- very large numbers, e.g., 3.15576:x10° *é
+ Representation:
— more hits for significand gives more accur:
— more bits for exponent increases range
- fOverflow
+ (Underflow
15
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Como representar?

1LEE 250

Numeros normalizados

— ‘Numeros daforma 1
— Nao & necessario arffaze o,

Representagéo com 32 bits (precisdo simples)

33|2|2(2|2|2|2|2|2(2|2|1|1|{1|1|1|{1]|1]|1{1]1|0|0[|0|0|0(0O|0|0O|0O|0O
1/0(9/8|7(6(5|4(3{2|1(0(9|8|7(6|5|4|3[2 0(9|8|7|6|5|4|3|2]1|0
S E. it Manti

gjxpoene C:@Zg

+ Representagdo com 64 bits (precisdo dupla)
3|13|2|2(2|2|2|2|2|2(2|2|1|(1|{1|1|1|{1|1]|1{1]1|/0|0[|0|0|0O(0|O|O(O|O
1/0(9(8|7(6|5|4/3|2|1|0|9|8|7|6|5|4|3(2|1|0(9|8|7|6|5|4|3|2|1|0
S| Expoente ” Mantissa 5—2
3|3|2|2|2|2(2|2|2|2|2(2|1|{1|1|1|1|(1|1|1|1|1|0|0(0|0|0O(O|O|O[0O|O
1/0(9|8|7(6|5|4(3(2|1|0(9|8|7|6(5|4[3|2|1|0(9|8|7|6|5|4|3|2|1|0

Mantissa

16
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|IEEE 754 floating-point standard

|EEE 754 floating point standard: - I

— single precision: 8 bit exponent, 23 bit significand
— double precision: 11 bit exponent, 52 bit significand
Exponent is “biased” to make sorting easier
— allOs is smallest exponent all 1s is largest
— bias of 127 for single precision and 1023 for double precision
— summary: (=1)89%"x (1+sighificaned) x 2wonent=bias — J.

xample: l
Ef d::im@ (..l)x(H'O,L) x

— binary: -11=-11x2"1
— floating point: exponent =126 = 01111110

“=
— IEEE single precisinn: 11111100 000000000000000004]0000

5 @ »

17

o0 Horgam Kaman Bublkien

1,610« 1@* 1,381 10

+ J/L A

o St 1107
= 1.6lo

| bozdlh ot P16 1 107

%‘-_

-
o= Lt 21+ ljflé
i\l 4 1( -4
]
qoomMVZ

({0000, 0 A

Exemplos

Comparar em binario
- 0.75;-0.75; 4.25: 0,625; 19
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fact &1 = T B - L2 1%

b b T =
wroo
Constantes

Precisao Simples Precisdao Dupla Valor

Expoente | Mantissa | Expoente | Mantissa

0 0 0 0 0

0 <>0 0 <>0 Numero néo normalizado

1-254 Qualquer | 1-2046 Qualquer |Numero em ponto flutuante

255 0 2047 0 Infinito

255 <=0 2047 <> 0 NaN (Not a Number)

19
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Floating poipt addition
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Multiplication
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Precisao

| AR

« X+#1=-X=17

+ Internamente, o processador armazena os nimeros
de ponto flutuante com ao menos 2 bits a mais:
guard e round

« Um terceiro bit, o sticky indica se algum conteudo
significativo foi perdido em arredondamento

+ Formas de arredondar: @
— Em diregdo a +infinito . Y
— Em dire¢ao a —infinito Wa"‘
— Truncar
— Em dire¢do ao par mais préxim Zﬁ
L
[Lb
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Floating Point Complexities

Operations are somewhat more complicated (see text)
In addition to overflow we can have “underflow”

« Accuracy can be a big problem
— IEEE 754 keeps two extra bits. guard and round
- four rounding modes
- positive divided by zero yields “infinity”
— zero divide by zero yields “not a number”
- other complexities
- Implementing the standard can be tricky
+ Notusing the standard can be even worse
— see text for description of 80x36 and Pentium bug!
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Chapter Three Summary
+  Computer arithmetic is constrained by limited precision
- Bit patterns have no inherent meaning but standards do exist
- two’s complement
— IEEE 754 floating point
- Comp instructi determine ™ of the bit patterns
+ Performance and accuracy are important so there are many
complexities in real machines
« Algorithm choice is important and may lead to hardware
optimizations for both space and time (e.g.. multiplication)
+  Youmay wantto look back (Section 3.10 is great reading!)
24
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