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Abstract—In this paper, we study the k-labeled spanning forest
problem (KLSF). The input for this problem is an undirected
graph with labeled edges and a positive integer k. The goal is to
find a spanning forest of the graph with at most % different labels
associated with the edges, minimizing the number of components.
KLSF finds practical applications in different scenarios related to
networks design and telecommunications. Solving it may help to
reduce the negative impact of electromagnetic fields exposure on
the population health or to increase profits of internet manage-
ment companies, among others. The interest in KLSF is not only
practical but also theoretical since the problem generalizes the
best-known NP-hard minimum labeling spanning tree problem
(MLST). To approach KLSF, we propose a fix-and-optimize
matheuristic that was tested over several instances, achieving
high-quality solutions in reasonable computational time. When
compared to the best-known algorithms in the literature, our
matheuristic outperformed the other proposals in most cases,
finding better solutions in less computational time for the most
challenging instances.

Index Terms—Fix-and-optimize, Matheuristic, Integer Linear
Program, k-Labeled Spanning Forest

I. INTRODUCTION

In this work we study the k-Labeled Spanning Forest
problem (KLSF). Given a natural number k£ and a simple
undirected graph G with labeled edges, the KLSF calculates
the minimum number of trees (components) of a spanning
forest of G with at most k labels. The KLSF belongs to
the NP-hard complexity class of problems and generalizes the
most known Minimum Label Spanning Tree problem (MLST)
[3].

The interest for studying the KLSF is not only justified by
its theoretical difficulty, but also by the practical scenarios
where the problem finds applications. One example occurs
when studying strategies to reduce the impact in the popu-
lation health of continuous electromagnetic field exposures.
Nowadays, the emergence of wireless networks such as Wifi
and cell phone networks, had been increasingly exposing the
population to electromagnetic fields, with possible negative
effects on people health [21]. An approach to reduce the
electromagnetic field exposure is to bound the number of
possible frequencies to a maximum number k. However, to
augment the quality of services, the disconnected coverage
areas should be as few as possible. That problem can be
modeled as the KLSF by defining one node for each network’s
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device and one edge for each connection between nodes. The
frequencies of such connections represent the edge labels.

Another network application for the KLSF emerges from
companies that manage internet connections, where often
services from different providers are used to maintain the
customers’ connectivity [19]. In this scenario, to obtain some
benefits in terms of negotiation and costs, the number of
different providers is usually upper bounded by a value k,
selecting the providers that guarantee the least number of
disconnected areas. Analogously to the previous example, the
devices and the connections can be represented by nodes and
edges of a graph, while for each provider a label can be defined
and associated to the corresponding edges, being possible to
model this problem as the KLSF.

In the context of logistic, we can model a multimodal trans-
port system [17] as the KLSF. On this scenario, the different
transportation companies can be represented by labels, while
the locations and the paths between them can be, respectively,
nodes and edges. In this case, minimizing the number of
companies would reduce the service’s costs. Limiting the
labels to at most £ may bring financial and logistical benefits.

The studies for KLSF started from its well-known particular
case MLST. The MLST is a problem that given a connected
graph labelled in the edges, seeks to find a spanning tree with
the minimum number of labels. In [4] the MLST was proved
to be NP-hard. Moreover, the authors of [4] proposed three
algorithms to solve the problem. One of these algorithms, the
Maximum Vertex Covering Algorithm (MVCA), starts with
a spanning forest containing only the nodes and iteratively
chooses a label that ensures the greater reduction in the number
of components when the associated edges are included to the
constructed solution. Such heuristic was adapted for the KLSF
in [3].

In the literature we can find different approaches for MLST
such as a genetic algorithm and four adaptations of the MVCA
given by [22]. A cross-entropy approach was developed for
the problem in [20]. This approach works similarly to an
evolutionary algorithm that considers static proprieties of the
set of solutions. In [9], a multi-start local branching (MSLB)
heuristic is used combing the efficiency of the MVCA with
the capacity of exploration of a new local search method based
on mixed integer programming. In [5], the authors proposed a



variable neighborhood search for the problem, and adaptations
for the algorithm considering the complementary space idea.

In contrast, the more general version (KLSF) has received
less attention. Some studies developed efficient heuristics
for solving large datasets [3], [6], while others focused on
theoretical results, proving relevant properties of the problem
and proposing new mathematical formulations [10].

In [3], five different heuristic algorithms were proposed for
the KLSF. One of them was a greedy constructive heuristic
that extended a maximum vertex cover algorithm (MVCA),
initially proposed for MLST in [4]. Another constructive
heuristic proposed in that study was the PILOT method, this
method uses MVCA as a look-ahead mechanism for choosing
the k labels of the final forest. The other three algorithms
were exploratory well-known metaheuristics adapted for the
KLSF: Simulated Annealing (SA), Genetic Algorithm (GA),
and Reactive Tabu search (RTS).

Other four heuristics were presented in [6]: a greedy
randomized adaptive search procedure (GRASP) approach,
a variable neighborhood search (VNS) algorithm and two
adaptations of the VNS that ensure a better exploration of the
solution space using the concept of complementary space and
probabilistic decisions. Unlike the dataset provided by [3], we
did not have access to the files that validated their heuristics.

Unlike the previous studies for the KLSF, the authors of
[10] obtained theoretical results and developed exact methods
for the problem. Some particular cases that admit polynomial
time solutions were presented in their work. Also, different
integer programming formulations were introduced and used
within MIP based techniques, such as cutting planes, lazy
constraints, and bender decomposition. Additionally, the au-
thors presented a parallel implementation for the branch and
bound from [3] and generated more instances accordingly to
the construction proposed by [3].

In this work we propose a fix-and-optimize matheuristic
for solving the KLSF. This approach uses the shortcuts
provided by heuristics and the efficiency of tools developed
for mixed-integer linear programming (MIP) problems. More
precisely, we heuristically decompose the main problem into
sub-problems that are solved by a MIP solver. We tested our
approach with instances from the literature [3] and the results
are promising. We find high quality solutions in reasonable
time. In comparison with other approaches from the literature,
we were able to find better solutions in less computational time
for a significant majority of the tested instances.

The reminder of this paper is organized as follows. Sec-
tion II introduces the definitions and notation used all over the
paper. In Section III we present a mathematical formulation
from [10], that will be embedded in our fix-and-optimize pro-
posal described by Section IV. To assess our fix-and-optimize
matheuristic, Section V describes computational experiments
over instances from the literature comparing our results with
previous algorithmic approaches. Finally, in Section VI the
conclusions and future research directions are presented.

II. DEFINITIONS AND NOTATION

The KLSF is defined over simple undirected graphs (or
simply graphs), where a graph G consists of two sets: a set
of nodes denoted by V, and a set of edges (unordered pairs
of nodes) denoted by E¢. We use V' and E instead of Vi and
FE¢ whenever explicit by context.

Besides the graph definition, other graph concepts are
required before defining the KLSF. Below we define the
subgraph relation and some special classes of graphs.

Given two graphs G and H, we say that H is subgraph of
G (denoted by H C G) if the set of nodes of H is subset of
the set of nodes of G (i.e., Vg C Viz) and the set of edges
of H is subset of the set of edges of G (i.e., Eyg C Eg). If
H C G and Vg = Vi, then H is a spanning subgraph of G.

A graph G is a path if there exists a sorting
U1, Uz, ..., Uy, of the nodes, such that the edges of G
are defined by each pair of consecutive nodes (i.e., Eg =
{(wi, uit1) L‘icll_l). In such cases G is a path connecting
to ujyg|-

G is a connected graph if for every pair of nodes u,v € Vg
there exists a path P C G connecting « to v. Any maximal
connected subgraph H C G is a component of G (i.e., VG' C
G if G’ is connected and H C G’, then H = G’). Given a
graph G, the set of its components is denoted by C(QG).

A graph G is a cycle if contains at least three nodes (i.e.,
|Va| > 3) that can be ordered as uy,us,. .., Uyy|u,» Such
that there exists an edge between each pair of consecutive
nodes (i.e., Eg = {(ujyg,u1)} U {(Ui,Ui_A'_l)}LzGl‘_l). If no
subgraph H C G is a cycle, then G is acyclic.

Any connected and acyclic graph is a tree, and a forest is
a graph whose components are trees. H is a spanning tree
(spanning forest) of a graph G iff H is tree (forest) and H
is a spanning subgraph of G.

With the graph notations well defined, we formally intro-
duce the KLSF as follows:

Problem 1: The k-labeled spanning forest (KLSF).

Input: A tuple [ = (G, L, /¢, k), where:

o G is a graph.

o L is a set of labels.

e ! : Eg — L is a function that maps each edge to a label.

e k € N is a integer value between 1 and |L|, representing

an upper bound for the number of labels in a solution.

Output: A spanning forest /' of G with minimum number
of components, satisfying [((Er)| < k. !

Figure 1 illustrates an example of a KLSF instance and an
optimal solution.

Given an instance I = (G, L, ¢, k) of KLSF, and a subset
of labels S C L, the graph G [S] denotes the subgraph
of G containing all edges of G with labels in S (e,
Vais) = Ve and Egis) = {ele € Eg and {(e) € S}). Also,
given X C Vg, the set {z(X) denotes the set of labels
associated to an edge with exactly one endpoint in X (i.e.,
le(X) = {£((u,v)) ] (u,v) € Eg and [{u,v} N X| =1}

IGiven a set S and a function f, we consider f(S) = {f(s)|s € S}.
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Fig. 1. The graph on the left represents an input of KLSF with L =

{a, b, c,d, e}. Considering k = 2, the graph on the right is an optimal solution
for that instance maintaining only the labels Ly = {a, b}.

III. INTEGER LINEAR PROGRAMMING MODEL

This section describes an integer linear programming for-
mulation for the KLSF proposed by [10]. We use that formu-
lation embedded in solver calls performed by our matheuristic
algorithm, which will be described in the next section.

In [10] three different mathematical models for KLSF were
introduced, tested over several instances within a mixed-
integer programming solver, and ranked by their performance.
We selected for our approach the formulation with overall
better results, which was the “Colored Cut Model”. The
selected model requires the concept of extended instance,
which consists of adding an extra node s to the graph and, for
each node u € V, an extra edge is also included between s
and u with a new label /,,. Figure 2 illustrates the construction
of an extended instance.

Fig. 2. The graph on left is an input graph for the KLSF. On the right the
extended graph is illustrated, with the new node s and the edges between s
and the rest of the nodes. Notice that different new labels (I1, l2, I3 and l4)
were defined for the edges incident in s.

Formally, given an instance I = (G, L, ¢, k) of KLSF, the

extended instance I' = (G', L', ¢’ k') of I is:

Vor = {S} U Vg
FEqg = {(8, u) |’LL S Vg} U Eqg
L' = {lueVelulL

, B ly, fv=s
U ((u,0) = { £((u,v)), otherwise
K = k.

If @ = L'\ L, then solving KLSF with instance [ is equiv-
alent to finding the graph G’ [L* U Q*], where G’ [L* U Q*]
must be connected, while L* C L and Q* C (@, such that
|L*| < k and |Q*| is minimized.

The “labeled Cut Model” defines a binary variable z; for
each i € L' to decide if the label [ belongs to ¢(Er) , where
F is a solution for I’:

o

Since the problem seeks to minimize the cardinality of Q*,
the objective function can be written as:

min E 2

leQ

1, if [ is in the solution
0, if [ not in the solution

To ensure that G'[L*UQ*] is connected, for each nonempty
proper subset S of nodes of G’, there must be an edge
connecting to the nodes in Vi \ S. The following set of
constraints guarantee that condition:

Z z>1 Y0cScVy
1€6(S)

Finally, the number of labels of L* cannot be larger than k.
This condition can be ensured by the constraint below:

Z 21 <k

leL’'\Q

From the above discussion, the “labeled Cut Model” of [10]
for KLSF is modeled as follows:

min ZleQ 2z (D
s.t.:

ZZGZ(S) z>1 VYO0cSc Vo 2)

Siernga <k 3)

z1 € {0,1} vie L ()]

The cardinality of the constraints’ set 2 is exponential,
since there exists a constraint for each nonempty proper
subset of Vg (i.e., olVerl — 9 constraints). Hence, writing
the complete model is inefficient even for small instances.
Therefore, strategies to interactively add those constraints are
required, such as the callback functions and lazy constraints
mechanisms used in [10].



Callback functions are used by solvers to avoid writing
the complete model and iteratively including unsatisfied con-
straints. These techniques check if the current relaxed solution
of the solver is integer and, in case of not being integer, new
constraints violated by a solution’s rounding are included to
the solver’s formulation. In [10], the proposal consisted of
rounding to 1 every variable with non-zero and non-integer
value of the relaxed solution, and to execute a Depth First
Search (DFS) procedure to verify which constraints were
violated after the rounding.

The strategy of [10] for unfeasible integer solutions of
the solver was to invoke lazy constraints. In this case the
unsatisfied constraints are not globally included to the solver’s
formulation, but only propagated to the branches they were
violated. Similarly to the callback functions, these constraints
are identified by a DFS algorithm.

IV. FIX-AND-OPTIMIZE MATHEURISTIC

Heuristics and metaheuristics offer practical strategies for
dealing with the scalability of difficult problems. However,
for simpler instances and subproblems, the exact methods are
capable of reaching optimal solutions in short time. Hence,
several examples in the literature used the combination of
exact methods with the capability of heuristics to explore the
solution space. Among these strategies, the fix-and-optimize
matheuristics emerged as a highly competitive approach.

A fix-and-optimize algorithm iteratively fixes the values
of some variables by heuristic decisions, generating sub-
problems that can be exactly solved by mixed-integer linear
programming tools. Some examples are a fix-and-optimize
approaches for a production chain problem [18], a multi-
level capacitated lot-sizing problem [12], [13], and a school
timetabling problem [14], [23]. Those results motivated us to
explore the applicability of a fix-and-optimize strategy for the
KLSF.

Our fix-and-optimize matheuristic consists of fixing some
variables associated with labels through heuristics decisions,
in order to generate a simpler subproblem that can be exactly
solved by a mixed-integer linear programming solver (e.g.,
CPLEX [7], Gurobi [11], GLPK [16]). This process of fixing
variables and solving subproblems is done iteratively with
the objective of exploring the solution space. Algorithm 1
describes our fix-and-optimize algorithm.

Algorithm 1 receives as input an instance I = (G, L, ¢, k) of
KLSF, returning at line 26 a feasible solution F'* with the least
number of components among the explored solutions. The
strategy to explore the solution space consists of constructing
a subproblem from a current solution F. This solution is
initialized at line 1 through the greedy algorithm MVCA, that
iteratively chooses a label whose addition to the constructed
solution generates the lower number of components. In other
words, if S is the set of labels already in the solution being
constructed, then the MVCA selects a label [ € L\ S in order
to minimize |C ({I} U S)|. After the initialization, the value
of F'is only updated at line 17 if a new solution with fewer
components is found or if the number of iterations without

Algorithm 1 Fix-and-optimize
Input: 7 = (G,L,¢, k)
Qutput: Feasible solution F'* for KLSF with instance [
1: F < solution of MVCA with I.
2 F*« F
3140
4: for j from 0 to MAX_ITER or |C(F*)| =1 do
: L, < |a- |¢(F)|] random labels of ¢(F')

5
6: G.on  contract in G the edges of F [L,]

7: Lg < |B-|¢(F)\ Ly|| random labels of £(F) \ L,
8: Lo+ |6-|L\ ¢(F)|] random labels of L\ ¢(F)

9 Leon — {Lﬂ @] L@}

10: G con < remove from G, the edges of E [L \ Leon]
11: kcon < k — |La|

12: Icon — <Gcon; Lconv f, kcon>

13: I' « extended instance of I,

14: L’ « solver’s solution for I’

15: Foyz < spanning forest of G[L, U L']
16: if |C(Fuue)| < |C(F")| or i = IN_SOL then

17: F <+ Fouz

18: 1+ 0

19: else

20: 1—1+1

21: end if

2: i |[C(Fuue)| < |C(F*)| then
23: F* < FLuz

24: end if

25: end for

26: return F™*

changing its value reaches the given boundary IN_SOL (see
line 16).

At each iteration of the main loop (between lines 5-15), a
new feasible solution F,,, is constructed. The computation
of Fy,, depends on solving a subproblem obtained from the
current solution F' and the input instance I. The construction
of the subproblem starts with a random selection of the
labels to be fixed, which depends on a rational parameter
of the algorithm « € [0,1). At line 5, the subset L, (with
the labels to be fixed) is obtained by randomly choosing
a - [((F)| labels of ¢(F) (the labels in the current solution
F). Fixing a label [ consists of contracting the edges in Eg
associated with [ (line 6). An edge contraction is the operation
of merging its endpoints in a single node and removing the
edge. This operation generates parallel edges whenever the two
merged nodes share common neighbors. Hence, the generated
subproblem considers multigraphs (i.e., graphs with parallel
edges). Figure 3 illustrates an example of a sequence of
contractions.

Despite reducing the complexity after the graph compres-
sion at line 6, the subproblem may still be hard to solve. Thus,
we apply a second reduction, involving the removal of a set of
labels from the instance and the corresponding edges from the
graph. Instead of selecting the labels to remove, we define (at
line 9) the set L.,, = Lg U Ly containing the labels that will



o
oR

©
&
()

Fig. 3. Example of how a sequence of labels is fixed. In the first step, the
label b is chosen to be fixed, contracting the edges (2,6) and (3,4) and
producing two merged nodes. In the second step the label ¢ is chosen to be
fixed, and the edge between the two previously merged nodes is contracted.

be maintained in the subproblem. Notice that, L., depends
on the sets Lg and Ly which, respectively, contain the labels
of {(F) and L\ ¢(F) that will not be removed from G,
and their computation is analogous to L - «, depending on the
rational algorithm’s parameters 5,6 € [0,1) (lines 7 and 8).
Following the construction of L.,,, the second reduction is
applied at line 10, removing every edge of the compressed
graph with labels outside L,y,.

To ensure that the number of labels in a subproblem’s
solution joined to those in L, do not exceed the input value
k, a new upper bound for the cardinality of the labels in a
feasible solution of the subproblem is defined at line 11. After
defining all the subproblem parameters, a new simpler instance
I.on and its extended counterpart I’ are defined at lines 12
and 13. To obtain the solution L', the extended instance I’ is
solved exactly at line 14 by using the model and techniques
mentioned in Section IV.

Since the algorithm accepts only a better solution than the
current F' in the steps where ¢ < IN_SOL, for these steps
we add the following extra constraint to the model:

S u < [C(p)]

leQ

The above constraint addition refines the feasible solutions’
space, considering only those solutions capable of improving
the current one. Consequently, the search space is reduced and
the solver gains efficiency. Finally, at line 15, the resulting
forest of a DFS on G [L' U L,] is computed and assigned to
the new solution Fl,,,;.

The stop criteria for the main loop of the algorithm (at line
4) consider a maximum number of iterations (given by the
algorithm’s parameter M AX_ITFER) and a lower bound for
the number of components in the best solution found (where
at least any solution must have one component).

V. COMPUTATIONAL EXPERIMENTS

To assess our fix-and-optimize proposal, this section
presents computational experiments over instances from the

literature, comparing the results with previous algorithmic
approaches for the KLSF. In the following subsections we
describe the computing environment, the instances, and the
choice of parameters. Finally, we present and analyse the
results of our tests.

All our implementations and the tests results are available
at a repository in the GitHub platform [1].

A. Computational environment

The proposed fix-and-optimize was implemented in the C
programming language using the compiler g++ 9.3.0, and all
tests were executed in a processor AMD Ryzen 9 3900X with
12 cores of 3.8 GHz each, and 32 GB of RAM, under Ubuntu
Linux 20.04 LTS 64 bits. To generate pseudo-random values
we used the default C function rand(). Despite the machine
having 12 cores, only one core was used to run the algorithm
proposal for each test.

To generate a comparative result with the algorithms pro-
posed by [3] in their machine, we adjusted the runningtimes.
For this purpose, we used the Pass-Mark Benchmark dataset
[2] that allows us to estimate and compare the running times
on different machines. The machine specified by [3] was an
Intel Xeon 2.8 GHz processor, which can be compared with
our machine based on the values in Table I, available at [2].

TABLE I
RESULT OF THE COMPARISON BETWEEN THE MACHINES OF [3] AND THE
MACHINE USED ON THIS WORK

Machine PassMark Score Factor
Intel Xeon 2.8 GHz 2727 7.1015625
AMD Ryzen 9 3900X 384 1.0000000

Since our algorithm uses pseudo-random generation, for
each instance we executed each algorithm 30 times, with
different integer seeds from 1 to 30.

B. Instances

For the experiments, we considered the dataset from [3] with
200 instances organized in five groups. The groups were iden-
tified by the number of nodes |V| € {100, 150, 200, 400, 500}
and divided in four subsets, each one with 10 instances. Each
subset was identified by their group (|V|) and the number of
labels (L] € {L'%‘J, Ly vy, L1.25|V|J}). The instances’

generation was finalized by adding %&”V‘ edges to their

graphs and setting k equal to ||V/|/2¢], where i represents the
smallest value such that the MVCA’s solution for the instance
is greater than 1.

C. Parameters

Our fix-and-optimize algorithm requires the setting of five
correlated parameters: 2 integer parameters (M AX_ITER
and IN_SOL), and 3 rational parameters («, 3, and 6). To
set the parameters an iterative process was carried out with
the Irace package [15]. This process consisted of defining for-
mulae for some of the parameters based on newly introduced
parameters and then running rounds of Irace, analyzing the



possible gains that the parameters obtained to set their values.
Bellow we describe such decisions.

The MAX_ITER and IN_SOL parameters determine,
respectively, the algorithm’s maximum number of iterations
and maximum number of iterations with the same current
solution. Since instances with lower values of & (usually easier
to solve) require fewer iterations to achieve good enough solu-
tions, we defined these parameters to be directly proportional
to the value of k, depending on a sixth and seventh parameters
(M7 and M>) as follows:

MAX_ITER
IN_SOL

k- M;
k- My

The value of § defines the number of new labels (not
used in the current solution) added to the subproblem, whose
complexity depends on the graph’s edge density. Therefore,
for a solver to find a subproblem’s solution within reasonable
time, the value of § should guarantee to generate graphs
with low density. For dense graphs |E| = O(|V|?), hence
by setting 3 = %, there will be selected at most % labels,
and assuming an uniform distribution of edges per labels, the
average number of edges in the subproblems will be bounded
by O(|V|-|L|). To ensure the low density of the subproblem’s
graphs, we set the value of § = 0.8 for larger values of |L|
(IL] > 0.8-|V)):

B:{ o i fg} <08
0.8, otherwise.

To define the parameters o and 6 we executed sev-
eral tests with manual and automatic values selection. The
automatic tests were run with the irace package [15],
and both parameters values were selected from the set
{0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}. All the experiments
showed that algorithm achieved better results when both
parameters’ values were equal to 0.8 (o = 6 = 0.8).

Finally, we used the irace package for defining the two
remaining parameters M; and M. Table II shows the results
of these tests, highlighting on gray background the chosen
configuration for the computational experiments we discuss in
the next subsection.

TABLE 11
RESULT OF COMBINATION OF PARAMETERS FOR THE FIX-AND-OPTIMIZE
ALGORITHM, IN GREY BACKGROUND THE CONFIGURATION CHOSE FOR
REPRESENT IN SECTION V-D

My  Ms sol.  time(s)
75 2.0 | 11.99 9.53
80 2.0 | 11.98 10.26
80 3.0 | 12,01 9.16
70 1.5 | 11.99 10.44

100 1.5 | 1191 14.53

200 1.5 | 11.80 27.47

D. Results and analysis

This section presents and analyses the experimental results
generated by our fix-and-optimize algorithm, as well as it
presents results of other algorithms from the literature that
used the same set of instances. Table III summarizes these
results. The first set of columns (|V|, |L|, and k) presents
characteristics of the instances. The next four groups of
columns, named SA, RTS, GA and PILOT, present average
solution values (sol.) and computational time (time (s)) for
the algorithms from [3]. Our results are under the column
FO, which presents the average solution value (sol.) and the
computational time in seconds (time (s)) of the executions with
all seeds, and the average solution value when considered the
seed with best average values (seed=1, sol.(1)).

For a fair comparison of the results, the original times
from [3] for algorithms SA, RTS, GA, and PILOT were
divided by 7.11 (see Table I). Hence, the computational times
in Table III for those algorithms are much smaller than those
reported in [3]. After normalizing times it is still clear that
the results found by FO are promising. Next we analyse and
discuss these results in details.

Regarding the execution times, unlike the algorithms
from [3] whose running times grow with the value of k£, FO
running times do not exhibit the same behavior. This can be
seen in all instance groups. Also, when |V| > 150, |L| > 100
and k£ > 11, at least in 85% of the occasions (6 of 7 subsets),
Table III reports better average solution values from our fix-
and-optimize matheuristic than those proposed by [3], except
for the PILOT method. Thus, for the large instances, FO shows
a better compromise between solution quality and running
times when comparing with [3].

Table IV shows the percentage of executions in which our
algorithm found a solution with value better than or equal
to those obtained by the other algorithms. According to the
average value shown in the last row of the table, our FO
outperformed all other algorithms in more than 60% of the
tests. That percentage increases above 90% when considered
k > 10 and the algorithms SA, RTS and GA. These results
demonstrate a clear superiority of our fix-and-optimize pro-
posal over the other algorithms.

In Table V we report the best known solution (BK) for
each subset of instances, the average solution value (sol.)
and standard deviation (o) for our fix-and-optimize algorithm,
besides the percentage of runs FO found the best known
solution (FBK).

From the percentages in Table V we conclude that our FO
matheuristic is consistent with an average standard deviation
below 0.5 for more than 6000 executions. Furthermore, FO
improved the best known solution for some sets of instances,
and even in the executions where the best known values were
not reached, the found solutions were extremely close of the
best known values. This analysis reinforces the consistency of
our proposal, and these results are also illustrated by Figure 4.
A consistency comparison with [3] was not possible, because
the authors only reported results of a single seed execution for



TABLE III

RESULTS OF THE 5 ALGORITHM DEVELOPED FOR THE KLSF.

Dataset SA RTS GA PILOT FO
V| |E| |L| k sol.  time (s) sol.  time (s) sol.  time (s) sol.  time (s) sol.  time (s)  sol. (1)
100 990 25 3 6.30 0.08 6.30 0.08 6.30 0.25 6.30 0.00 6.30 0.18 6.30
100 990 50 6 2.70 0.16 2.90 0.11 2.60 0.42 2.70 0.08 2.66 0.65 2.60
100 990 100 6 | 15.00 0.38 | 15.00 0.39 | 15.00 0.67 15.60 0.31 15.12 8.12 15.00
100 990 125 7 | 15.70 0.53 | 15.70 0.54 | 15.70 0.87 | 15.70 0.59 15.76 7.07 15.70
150 2235 37 4 3.50 0.19 3.50 0.13 3.50 0.52 3.50 0.04 3.58 0.12 3.60
150 2235 75 4 | 22.30 0.40 | 22.30 0.40 | 22.30 0.80 | 22.30 0.13 | 22.32 1.07 22.30
150 2235 150 9 7.70 0.97 7.30 0.84 8.10 2.93 8.30 1.31 7.42 3.18 7.50
150 2235 187 11 6.10 1.31 6.20 1.10 6.20 3.28 6.10 1.86 5.78 5.73 5.70
200 3980 50 3| 17.00 0.37 | 17.00 0.37 17.20 0.93 | 17.00 0.05 17.22 0.52 17.20
200 3980 100 6 9.30 0.84 9.30 0.84 9.60 2.56 9.60 0.87 9.42 5.01 9.40
200 3980 200 12 2.60 1.56 3.10 1.07 3.10 5.03 3.00 2.72 2.48 3.09 2.40
200 3980 250 15 1.80 1.66 1.60 1.20 1.50 4.87 1.20 5.35 1.27 1.46 1.30
400 15960 100 3 | 35.60 5.15 | 35.60 5.17 | 35.60 4.47 | 35.60 1.38 | 35.75 1.85 35.60
400 15960 200 6 | 24.40 11.25 | 23.70 11.35 | 25.10 12.32 | 24.00 16.55 | 23.87 34.73 23.70
400 15960 400 12 12.10 25.42 11.40 21.66 12.50 37.47 11.10 81.83 10.60 33.55 10.60
400 15960 500 15 8.70 34.22 8.20 21.24 8.90 48.92 7.70 163.04 7.28 13.84 7.00
500 24950 125 4 | 22.70 13.11 22.70 13.18 | 22.90 10.66 | 22.70 8.34 | 2341 1.12 23.00
500 24950 250 7 | 2240 27.54 | 21.50 27.75 | 22.80 2475 | 21.90 33.10 | 21.84 28.15 21.70
500 24950 500 15 6.30 47.23 5.30 42.05 6.60 75.62 5.00 251.83 5.36 19.10 4.90
500 24950 625 19 3.40 52.67 3.00 38.56 3.40 111.03 2.10 214.08 2.43 22.06 2.10

average 12.28 11.25 12.08 9.40 12.45 17.42 12.07 39.17 11.99 9.53 11.88

TABLE IV TABLE V

PERCENTAGE OF TESTS THE FIX-AND-OPTIMIZE FOUND A BETTER
SOLUTION IN RELATION TO THE RESULTS OF [3].

V] |[E]  |L] k | SA(%) RTS(%) GA(%) PILOT(%)
100 990 25 3 | 100.00 100.00  100.00 100.00
100 990 50 6 86.21 100.00 51.72 86.21
100 990 100 6 72.41 72.41 72.41 89.66
100 990 125 7 79.31 79.31 79.31 79.31
150 2235 37 4 51.72 51.72 51.72 51.72
150 2235 75 4 79.31 79.31 79.31 79.31
150 2235 150 9 | 100.00 17.24  100.00 100.00
150 2235 187 11 93.10 93.10 93.10 93.10
200 3980 50 3 10.34 10.34 51.72 10.34
200 3980 100 6 34.48 34.48 96.55 96.55
200 3980 200 12 82.76 100.00  100.00 100.00
200 3980 250 15 | 100.00 100.00  100.00 44.83
400 15960 100 3 55.17 55.17 55.17 55.17
400 15960 200 6 96.55 31.03  100.00 82.76
400 15960 400 12 | 100.00 96.55  100.00 86.21
400 15960 500 15 | 100.00 100.00  100.00 89.66
500 24950 125 4 0.00 0.00 0.00 0.00
500 24950 250 7 | 100.00 345 100.00 68.97
500 24950 500 15 | 100.00 48.28  100.00 13.79
500 24950 625 19 | 100.00 100.00  100.00 3.45

average 77.07 63.62 81.55 66.55

each instance.

BEST KNOWN SOLUTION OF EACH GROUP OF INSTANCES (BK), AVERAGE
(SOL.) AND STANDARD DEVIATION (o) OF THE FIX-AND-OPTIMIZE
ALGORITHM. THE PERCENTAGE OF RUNS FO FOUND THE BEST KNOWN
SOLUTION IS PRESENTED IN COLUMN FBK(%).

V] |E| |L]| k BK sol. o FBK(%)
100 990 25 3 6.30 6.30 0.00 100.00
100 990 50 6 2.60 2.66 0.11 51.72
100 990 100 6 15.00 15.12 047 72.41
100 990 125 7 1570 1576  0.28 79.31
150 2235 37 4 3.50 358  0.14 51.72
150 2235 75 4 | 2230 2232 0.08 79.31
150 2235 150 9 7.10 7.42  0.39 0.00
150 2235 187 11 5.70 5.78 031 65.52
200 3980 50 3 17.00 1722 0.34 10.34
200 3980 100 6 9.30 9.42 022 34.48
200 3980 200 12 2.10 248 0.39 3.45
200 3980 250 15 1.20 1.27  0.15 44.83
400 15960 100 3 | 3560 3575 045 55.17
400 15960 200 6 | 2330 23.87 0.73 0.00
400 15960 400 12 9.60 10.60 1.03 0.00
400 15960 500 15 6.20 7.28 0.76 0.00
500 24950 125 4 | 2240 2341 0.76 0.00
500 24950 250 7 | 21.10 21.84 0.67 0.00
500 24950 500 15 4.00 536 0.70 0.00
500 24950 625 19 1.80 243  0.39 0.00

average 11.59 1199 042 32.41

VI. CONCLUDING REMARKS

Problems related to labeled graphs have been present in
several studies over the last decade [8], motivating the study of
the KLSF. This problem has different real world applications
from networks and routing contexts. In the literature, there are
few studies of solution approaches for the KLSF, leading to
many research possibilities to be explored.

In this work, we presented a matheuristic that was tested
with different seeds over 200 instances (more than 6,000
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Fig. 4. The red squares in the image represent the average of the best known
value of each subset of instances, and the blue dots represent the overall
average (consider the average value of each subset and compute the average
value among them). The lines that extend the blue dots represent the standard
deviation of the results.

computational experiments). With these tests we proved our
proposal consistency, being the first study to ensure this result
for the problem in the literature. Although our fix-and-optimize
was outperformed by previous approaches in some of the
smaller instances, the advantages related to the scalability of
the problem were clear, since for the large tested instances
our algorithm presented higher quality solutions in shorter
computational times.

For future works we consider to hybridize our fix-and-
optimize matheuristic with another strategies, such the RTS,
since it was the algorithm with better relation between ex-
ecution time and solution quality proposed by [3]. Besides
studying improvements for the heuristic part of the algorithm
through hybridizations, exploring the exact part may bring
benefits. In that direction, we will propose new mathematical
formulations attempting to obtain more suitable models for
solving the subproblems generated during the search process,
also we consider developing an exact algorithm for computing
optimal solutions of these subproblems. Nevertheless, we also
intend to test our algorithm on real-world instances extracted
from large computer networks applications, and on other
datasets from the literature such as the ones in [10] and [6].
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