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Abstract

This work considers the three main optimization variants of the Simple Assembly
Line Balancing problem (SALBP): SALBP- 1, SALBP- 2 and SALBP- E. These prob-
lems have origin in typical industrial production processes, where, to obtain a final
product, partially ordered operations must be processed in workstations connected
by a transportation equipment. Each version determines a different objective to be
optimized: SALBP- 1 focuses on minimizing the number of workstations while main-
taining a certain production rate, SALBP- 2 tries to maximize the production rate with
a bounded number of workstations, and SALBP- E attempts to maximize the line
efficiency. These problems are N P-hard and have been largely studied in the litera-
ture, however, the results on their approximability are scarce. This work approaches
SALBP- 1, SALBP- 2 and SALBP- E, proving an equivalence on approximating in
polynomial time SALBP- 2 and a generalization of SALBP- E, and proposing very
efficient polynomial time 2-approximation algorithms for each one of these three ver-
sions of SALBP.

Keywords Simple assembly line balancing problem - Approximation algorithm -
NP-hard - Combinatorial optimization

1 Introduction

Simple assembly line balancing problems arise from several industrial and manufactur-
ing applications, where flow-oriented production systems are used. An assembly line
consists of workstations linearly arranged along a conveyor belt or another mechan-
ical equipment that handles components or unfinished products from workstation to
workstation. To manufacture a product, certain operations are performed at each work-
station, whose time duration determines the workload of the workstation, and the
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maximum workload among the workstations is usually known as cycle time. Gener-
ally, in the assembly process, some operations have precedence over others, so their
assignment to workstations must satisfy a partial order relation, usually represented
by a circuit-free digraph. The Simple Assembly Line Balancing problem (SALBP)
asks if there exists an assignment of operations to a bounded number of workstations,
that satisfies the precedence relations and whose cycle time is not greater than a given
threshold.

In the literature three main N P-hard optimization versions of SALBP have
been approached: type-1, type-2 and type-E simple assembly line balancing prob-
lems, respectively known as SALBP- 1, SALBP- 2 and SALBP- E. The first variant,
SALBP- 1, aims to minimize the number of workstations, while the second one,
SALBP- 2, maximizes the production rate by minimizing the cycle time. The third
variant, SALBP- E, focuses on minimizing the multiplication of the cycle time with
the number of workstations, as an attempt of maximizing the line efficiency.

Several approaches on SALBP variants, generalizations and related problems have
been proposed, some of them applying techniques that include mathematical program-
ming formulations [e.g., Baybars (1986), Bowman (1960), azir Dolgui (2015), Lopes
etal. (2020)], Branch & Bound algorithms [e.g., Li et al. (2020), Liu et a. (2008), Scholl
Klein (1997)], and heuristic or metaheuristics methods [e.g., Chen et al. (2019), Dinh
et al. (2019), Gutjahr Nemhauser (1964), Pereira et al. (2018), Salehi et al. (2020)].
Those researches are justified by the practical applicability of these problems joined
to the theoretical challenges they represent, stimulating the publication of numerous
papers on these subjects over the last decades (Becker Scholl 2006; Miranda Pereira
2019).

Despite the several studies on SALBP and its different versions and generalizations,
very few approaches considered their approximability. Recently, in Miranda Pereira
(2019), a complete survey on these problems complexity was done, and only one work
was mentioned with approximation results. To the best of our knowledge, Queyranne
(1986) and Wee Magazine (1982) are the only works on the approximability for any
of SALBP- 1, SALBP- 2 or SALBP- E. In Queyranne (1986), the inapproximability
of SALBP- 1 was investigated, proving that, unless P = N P, SALBP- 1 cannot be
a-approximated in polynomial time, for any o < % In Wee Magazine (1982), it
was proved that any heuristic satisfying some “reasonable” properties guarantees a
2-approximation for SALBP- 1.

Although SALBP- 1, SALBP- 2 and SALBP- E approximability has not received
enough attention, the approximability of other combinatorial optimization problems
with precedence constraints had been better investigated. An example is the Partially
Ordered Knapsack problem (POK), where a set of n partially ordered items is given,
each one with an associated size and value, being the objective to pack a precedence-
closed subset of the items in a bounded size knapsack, to maximize the carried values.
Special cases of POK were studied obtaining pseudopolynomial time optimization
algorithms and polynomial time approximation schemes, while for the general case
inapproximability results were presented (Johnson Niemi 1983; Kolliopoulos Steiner
2007). POK is closely related to the class of scheduling problems, whose approxima-
bility has been widely approached. The Multiprocessor Scheduling problem receives a
partially ordered collection of tasks or jobs to be scheduled in a set of processors, being

@ Springer



434 Journal of Combinatorial Optimization (2022) 43:432-443

the objective usually related to minimizing the maximum completion time, while guar-
anteeing each task must wait for its predecessors execution to be processed.! There
are several versions of this problem and different results including polynomial time
approximation schemes, constant factor approximation algorithms and approximation
bounds (Alon et al. 1998; Graham 1966; Hochbaum Shmoys 1987; Queyranne Schulz
2006; Wang Cui 2020; Woeginger 1997).

Motivated by the lack of approximability results for the main optimization variants
of SALBP, this work proposes a fast algorithm that is not a “reasonable” heuristic as
described by Queyranne (1986), Wee Magazine (1982) and yet, guarantees an efficient
polynomial time 2-approximation for SALBP- 1. Moreover, efficient polynomial time
2-approximation algorithms are also given for SALBP- 2 and SALBP- E, after proving
that, for any o, a-approximating SALBP- 2 in polynomial time is equivalent to o-
approximating a generalization of SALBP- E in polynomial time.

The rest of this paper is organized as follows. In Sect. 2 the basic terminology and the
problems definitions are given. In Sect. 3 the problems complexity is discussed and an
approximability equivalence between SALBP- 2 and a generalization of SALBP- E is
demonstrated. In Sect. 4 a simple and efficient line balance algorithm is proposed, and
in Sect. 5 such an algorithm is used to obtain fast polynomial time 2-approximations
for each approached version of the problem. Finally, in Sect. 6 the conclusions and
future research directions are given.

2 Problems definitions

An assembly line consists of several linearly ordered workstations linked by a trans-
portation device that moves unfinished products and components from one workstation
to the next. In this context, SALBP versions receive a collection of processing opera-
tions to be assigned to workstations, where the operations have precedence relations
that force partial order constraints in their respective workstations assignments.

The partial order can be represented by a circuit-free digraph G = (V, A), where
the set of nodes V represents the operations and each arc (i1, i) € A indicates that
operation i; must be performed in a preceding or the same workstation as operation
i>. If an assignment v : V — N assigns to each operation i exactly one workstation j
(¥ (i) = j) and satisfies the precedence relations (i.e. V (i1, i2) € A : ¥ (i) < ¥ (i2)),
then 1 is a valid assignment.

In SALBP variants, each operation i € V has also associated a processing time
7(i) € Qy, and given an assignment v the workload (c;) of each workstation j is

! In the Multiprocessor Scheduling problem, minimizing the completion time may be similar to minimizing
the cycle time in SALBP- 2, however, the precedence constraints of these problems enforce different con-
ditions, implying that the problems are actually different. In SALBP- 2 the precedence constraints prohibit
to assign some operations to previous workstations, while in the Multiprocessor Scheduling problem, the
precedence constraints obligate tasks to wait for the completion of the others, but the tasks can be scheduled
at any processor.
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given by the sum of the processing times of the operations assigned to j:

ci= Y Tl

ieViy@i)=j

Where the maximum workload is known as cycle time (max;{c;}).

Balancing the assembly line usually aims to increase the efficiency or the production
rate, objectives that are related to minimizing the cycle time or the number of the
workstation. Below, the three main optimization versions of SALBP are formally
defined.

SALBP- 1 is the optimization version of SALBP, where the operations must be
assigned to a minimum number of workstations while maintaining a certain production
rate (upper-bounded cycle time). A formal definition for this version is as follows.

Problem 1 SALBP- 1 (Simple Assembly Line Balancing Problem Type-1)
Input: A tuple (G = (V, A), 7, C), where:

— G = (V, A) operations precedence digraph;
— 7:V — Q4 time duration per operation function;
— C € Q4 maximum cycle time allowed (C > t(i), Vi € V).

Output: A valid assignment ¥ : V — {1,2..., m} of the operations to work-
stations that guarantees the cycle time is less than C and minimizes the number of
workstations:

minm subject to: max E i)y <C
I<j=m | . .
ieViyi)=j

SALBP- 2 tries to maximize the production rate by minimizing the cycle time.
This version of the problem receives a maximum number of workstations, which is
considered to be less than or equal to the number of operations. Observe that if the
number of workstations is greater than the number of operations, then a trivial optimal
solution would be to assign at most one operation to each workstation.

Problem 2 SALBP- 2 (Simple Assembly Line Balancing Problem Type-2)
Input: A tuple (G = (V, A,) 7, m), where:

— G = (V, A) operations precedence digraph;
— 7 :V — Q4 time duration per operation function;
— m € Ny maximum number of allowed workstations (m < |V|).

Output: A valid assignment ¢ : V — {1,2..., m} of the operations to worksta-
tions that minimizes the cycle time:

min max Z (i)

I<j=m [ . N
ieVay(i)=j
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SALBP- E considers maximizing the line efficiency, thereby simultaneously tries to
minimize the cycle time with the number of workstations by minimizing their product.
This work introduces a generalization of SALBP- E where, similar to SALBP- 2, the
number of allowed workstations is considered to be at most equal to the number of
operations, and a new parameter to bound the minimum number of workstations is
included (otherwise a trivial optimal solution would be to only use the first workstation,
which would process all operations).

Problem 3 SALBP- EG (Simple Assembly Line Balancing Problem Type-E General-
ized)
Input: A tuple (G = (V, A), T, Mmin, Mmax), Where:

G = (V, A) operations precedence digraph;
7 : V — Q4 time duration per operation function;
— Mmax € Ny maximum number of allowed workstations (mmax < |V]);

— Mmin € N4 minimum number of allowed workstations (mmin < Mmax)-

Output: A valid assignment ¥ : V — {1,2...,m} of the operations to work-
stations, where the number of workstations satisfies mmin < m < mmax, and the
multiplication of the cycle time with the number of workstations is minimized:

minm X max Z (i) subject to: Mmpin < m < Mpmax
1<j<m
SIE N ievip)=j

Typically, the studies on SALBP- E do not consider explicit bounds for the number
of workstations [e.g., Lai et al. (2019)]. However, such bounds exist and are intrinsic
to the problem. An optimal solution of typical SALBP- E must contain at least one
workstation (m > 1), and cannot contain more workstations than operations (m <
[V|). The former is trivially true, and for the latter let i be a valid assignment using
m > | V| workstations. Then, there exists a workstation 1 < j < m with no operations
assigned. A new valid assignment v’ can be obtained by copying the assignments in
Y from workstation 1 to j — 1, and re-assigning to j’ all operations assigned in
¥ to j + 1, for each workstation j' from j to m — 1. Notice that ¥ uses m — 1

workstations and has the same cycle time as ¥ (i.e., max; < <m {ZieV:u/(i)zj T (i)} =

maxi<j<m—1 {Ziev:w,(i):j r(i)}). Thus, the value of v is greater than the value of
¥’, implying that v cannot be optimal:

m X lIsnjaﬁxm ‘ Z . (@) > (m—1) x 151}1;1)1(_1 ' Z . (i)
ieViy(i)=j eV (i)=j
Hence, SALBP- E is the particular case of the above definition where mmin = 1 [or
2 (Lai et al. 2019), depending on the study] and mpax = |V|. Therefore, SALBP- EG
allows modelling the same and more general situations.
Finalized the definitions of the problems, the next sections will discuss their com-
plexity and approximability.
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3 Complexity

SALBP- 1 and SALBP- 2 are well known N P-hard problems, even when the instances
have no precedence constraints (Baybars 1986). A particular case of SALBP- 1 is the
N P-hard Bin Packing problem (Korte Vygen 2006), where it is given a collection of
items (operations) with associated weights (processing times), and the items must be
packed (assigned) into a minimum number of bins (workstations) each with the same
finite maximum capacity (cycle time). For SALBP- 2, a particular case is the N P-
hard Multi-Way Number Partitioning problem (Garey and Johnson 1979; Schreiber
et al. 2018), where it is given a multiset of positive integers (processing times of the
operations) to be partitioned (assigned) in a given number subsets (workstations) in
order to minimize the largest of the subsets sums (cycle time). The N P-hardness of
SALBP- EG is proved in this section after showing that approximating SALBP- EG
is equivalent to approximate SALBP- 2.

Theorem 1 For any a, SALBP-2 can be a-approximated in polynomial time iff
SALBP- EG can be a-approximated in polynomial time.

Proof Consider an instance I = (G =(V,A,)t,m) of SALBP-2. The num-
ber of workstations of any feasible solution of SALBP-EG with instance I’ =
(G =(V,A,) T, mmin = m, mmax = m) must be equal to m. Thus, an assignment is
feasible for SALBP- 2 with instance [ iff it is feasible for SALBP- EG with instance
I'. Furthermore, the cycle time C* of an optimal solution of SALBP- EG with instance
I’ minimizes C* x m, hence C* is minimum and is also the value of an optimal solution
of SALBP- 2 with instance /.

If C is the cycle time of an a-approximation of SALBP- EG with instance I, then:

Cxm<axC'xm = C<axC*

Implying that the same solution «-approximates SALBP- 2 with instance /. There-
fore, if there exists a polynomial time «-approximation algorithm for SALBP- EG,
then there exists a polynomial time «-approximation algorithm for SALBP- 2.

For the other direction, let I = (G = (V, A, ) T, Mmin, Mmax) be an instance of
SALBP- EG, and define the sequence {/,, = (G = (V, A, ) t, m) ﬁ‘g‘,’;lmm of SALBP-
2 instances.

Any feasible assignment of SALBP- EG with instance / will have m workstations
forsomem € {mmin, ..., Mmax}, SO it also will be feasible for SALBP- 2 with instance
I,,. Besides, for each m € {mmin, - . . , Mmax}, all feasible solutions of SALBP- 2 with
instance I, are feasible for SALBP- EG with instance /.

If C}} is the value of an optimal solution of SALBP- 2 with instance I,;, (Mmin <
m < mmax), and C* and m™* denote the cycle time and number of workstations of an
optimal solution of SALBP- EG with instance /, then C* = Cj;.. Consequently, if
C,, is the value of an o-approximation for SALBP- 2 with instance I,;, (mmin < m <
Mmax), it follows:

1
C*'xm"=Chsxm* = min  {C) xm} > — x min  {C,, x m}
Mmin <M <Mmax o Mmin <M <Mmax

@ Springer



438 Journal of Combinatorial Optimization (2022) 43:432-443

Concluding that min, ., <m<mm,{Cm X m} is an «-approximation for SALBP-
EG with instance /. If there exists a polynomial time «-approximation algorithm for
SALBP- 2, then by calling that algorithm (mmax — Mmin + 1) times, it is possible
to a-approximate SALBP- EG with instance /. Since mpax < |V| (see SALBP- EG

definition), the proposed «-approximation for SALBP- EG would be also polynomial
and the proof is completed. O

Since SALBP- 2 belongs to the N P-hard class of problems (Baybars 1986), by
applying the above theorem the following corollary holds.

Corollary 1 SALBP- EG is N P-hard.

The hardness of these problems justifies the proposal of approximation algorithms
for them, and such approaches are given in the next sections.

4 Line balance algorithm

This section proposes a line balancing algorithm that will be used by the different
versions of SALBP to obtain approximation results. The algorithm supposes the oper-
ations are given in a sequence S satisfying the precedence order, i.e. if an operation i
is before an operation i in S, then i> has no precedence over i1. Also, the algorithm
receives the processing times of the operations and a threshold C for the cycle time.
The value of C depends on the version of SALBP and will be discussed in the next
section for each variant of the problem.

The proposed line balancing algorithm starts with the first workstation and considers
new workstations only if they are needed. The algorithm analyses each operation in
the order given by S and assigns the operation i to the incumbent workstation j if
the workload of j is less than the threshold C, otherwise a new workstation (j + 1) is
considered to be the incumbent, and the operation i is assigned at j + 1. The described
strategy guarantees a linear time complexity and that the constructed assignment is
valid (which will be proven further in this section). The feasibility of the solutions
will depend on SALBP variants and will be analyzed in the next section. Algorithm 1
illustrates this proposal.

Below, four simple but useful facts about Algorithm 1 are given. Those facts will
be helpful to obtain the polynomial time approximation results in the next section.

Fact 1 The assignment \ constructed by Algorithm 1 is a valid assignment of opera-
tions to workstations.

Proof Trivially each operation i is assigned to exactly one workstation (line 10), which
is the incumbent workstation j. Also, the operations are analysed in their precedence
order (line 5) and the value of j only changes increasing (line 7). Therefore, for any pair
of operations (i1, i2), if i has precedence over i, then the workstation assigned to i
is less than or equal to the workstation assigned to i». Concluding that the assignment
of Algorithm 1 is a valid assignment. O
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input : S, sequence of operations in partial/precedence order; 7, processing time table indexed in
the operations; C, cycle time threshold

output : 1, assignment table indexed in the operations; m, number of workstations in the solution

1 begin

2 j <1

3 c1 <0

4 Y <« table indexed at eachi € S

5 for eachi € S do

6 ifc; > C then

7

8

9

Jj<Jj+1
Cj <~ 0
end

10 Ylil < j

1 cj < ¢j + t[i]

12 end

13 if c; > 0 then

14 ‘ m<—j

15 else

16 ‘ m<«j—1

17 return v, m

18 end

Algorithm 1: Line balance algorithm.

Fact2 The assignment  constructed by Algorithm 1 guarantees that the processing
workload (c;) of each workstation j is less than C + t({;), where £; is the last
operation assigned to workstation j by Algorithm 1.

Proof For each j the variable ¢ ;j 1s initialized with value O (line 3, j = 1, and line
8, j > 1), and whenever an operation 7 is assigned to workstation j (line 10) its
processing time 7 (i) is added to ¢; (line 11). Thus, c; is equal to the workload of
workstation j. Whenever c; > C, anew workstation (j + 1) is considered (lines 6-9),
hence, before assigning the last operation £, the workload of j must be less than C,
implying that at the end of the process ¢; < C + t(¢;) for any workstation j. O

Fact3 The assignment  constructed by Algorithm 1 ensures that the number of
workstations (m) is at most ’77—21'65 T(’)—‘.

Proof The workload sum of all workstations must be equal to the processing time sum
of all operations (3_7_; ¢; = };c5 7(i)), and the workload of each one of the first
m — 1 workstations is at least C, because only a new workstation is considered if the
incumbent workload is greater than or equal to C (lines 6-9). Consequently:

Zr(i) = ch >Cx(m—1)+cp,
ieS j=1
ZieS Tél) —Cm Z (m _ 1)

@ Springer



440 Journal of Combinatorial Optimization (2022) 43:432-443

Since ¢;; > 0 (lines 13—17) and m is an integer value, it follows:

o [Ziesrm]

C

Fact4 The time complexity of Algorithm I is O(|S]). O

Proof The loop from line 5 to line 12 is executed |S| times and each execution can
be done in O(1) time complexity. The definition of i at line 4 can be done in O(]S])
time (and space) complexity, and the rest of the algorithm lines require O(1) time
complexity. Therefore, the overall computational time results O(]S|). O

5 Approximation ratios

This section proves efficient 2-approximation algorithms for each studied version of
SALBP. These results are based on Algorithm 1 and are presented (below) in the form
of one theorem for SALBP- 1, another theorem for SALBP- 2, and two corollaries for
SALBP- EG and SALBP- E.

Theorem 2 For any instance I = (G = (V, A, ) 1, C) of SALBP- 1 there exists an
O V| 4+ |A)) time 2-approximation algorithm.

Proof Consider an instance I = (G = (V, A, ) 1, C) of SALBP- 1, and compute a
topological order Sof G = (V, A) in O(|V|+]A|) (Cormen et al. 2009). Consequently,
S is a sequence of the operations that satisfies the precedence relations.

Let ¢, m be the values returned by Algorithm 1 with parameters S, t and C = C,
which takes O(|S]) = O(|V]) time complexity (Fact 4).

If for some workstation j (1 < j < m) the processing workload (c;) is greater than
C, then split the workstation in two consecutive workstations jj and j,, where all the
operations assigned to j, with the exception of £ ;, are assigned to j, and £ is assigned
to jp. Since Y guarantees a valid assignment (Fact 1) and £; has no precedence over
any of the operations assigned to ji, the described split of j will also guarantee a valid
assignment. Moreover, the processing workload of ji is equal toc; —7(¢£;) < C (Fact
2) and the processing workload of j; is equal to 7(£;) < C (SALBP- 1 definition).

The split can be done in O(1) for each workstation (if considered a linked list of
workstations), and the number of splits is at most m < |V|. Thus, the complexity time
to split all workstations with processing workload greater than C is O(| V).

Therefore, the new solution obtained after the splits is a valid assignment, where
each workstation has a processing workload at most C. Hence, the solution is feasible
and the number of workstations is at most 2 x m (since no more than m workstations
were split).

If m* is the value of an optimal solution for SALBP- 1 with instance /, then, since
each operation must be processed at one workstation and the processing workload of
any workstation cannot be greater than C, it follows:

m* > ’721'65‘[(1.)—‘ >m
C
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The last inequality is given by Fact 3, implying that the constructed solution with
at most 2 x m workstations is a 2-approximation for the problem. Furthermore, such
a solution can be obtained in O(|V| + |A|) time complexity. m|

Theorem 3 For any instance I = (G = (V, A, ) t, m) of SALBP- 2 there exists an
O V| + |A)) time 2-approximation algorithm.

Proof LetI = (G = (V, A, ) t, m) be an instance of SALBP- 1, and S a topological
order of G (computed in O(|V| + |A|) time complexity, Cormen et al. (2009)).
Consider 1, m the values returned by Algorithm 1 with parameters S, T and C =
Zies ™0 (computed in O(IS]) = O(|V|) time complexity, Fact 4).
From Fact 3, it follows:

e [Zsr)] [Zfesfﬂ -

¢ LiesT()
m

Thus, the assignment ¥ is a feasible solution, since it guarantees a valid assignment
(Fact 1) and uses at most m workstations.

If C* is the value of an optimal solution for SALBP- 2 with instance /, then, since
each operation must be processed at one workstation and there cannot be more than
m workstations, it follows:

ZieS T(i) _

Cc* > =C and C*>71(i) Vies
m

The cycle time of ¥ is equal to max;<;<,{c;} and Fact 2 ensures that:

max {c;} < max {C+t({;)} <C+maxt(i) <2xC*
1<j<m 1<j<m ieS

Concluding that v is a 2-approximation for SALBP- 2 with instance / and can be
calculated in O(|V| + |A]) time complexity. O

Theorem 1 states that the 2-approximation of SALBP-2, also gives a polyno-
mial time 2-approximation for SALBP- EG. Moreover, such an approximation can
be achieved by calling (mmax — mmpin + 1) times the approximation algorithm for
SALBP- 2. Since the topological order of G used in Theorem 3 proof, needs to be
computed just once, only Algorithm 1 needs to be called (mmax — Mmin + 1) times.
Hence, the required time complexity is O(|V| + |A| + (Mmax — Mmin + 1) X |V]),
arriving at the following corollary.

Corollary 2 For any instance I = (G = (V, A), T, Mpin, Mmax) of SALBP- EG there
exists an O((Mmax — Mmin + 1) x | V| + |A]|) time 2-approximation algorithm.

Since SALBP- E is the particular case of SALBP- EG in which mp;i, € {1, 2} and
Mmmax = | V|, it follows:

Corollary 3 For any instance I = (G = (V, A), t) of SALBP-E there exists an
O(V|?* + |A|) time 2-approximation algorithm.
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6 Conclusions and future directions

This work approached the three main N P-hard optimization SALBP variants:
SALBP- 1, SALBP-2 and SALBP- E. The complexity of these problems was dis-
cussed and equivalence on approximating SALBP- 2 and a generalization of SALBP-
E was demonstrated. Moreover, very efficient polynomial time 2-approximation
algorithms were proposed for each one of the studied versions of SALBP.

However, there remains open questions to be answered in future works. Is it possible
to obtain a tighter inapproximability result for SALBP- 2 or a better approximation
factor in polynomial time? What is the best approximation bound that can be obtained
for SALBP- 2 and SALBP- E? How difficult would be to approximate the problems if
the processing times of the operations are different for different workstations? Also,
the approximability of other more general versions of these problems should be inves-
tigated.
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